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1
Historical Introduction to the Elementary Particles

Problem 1.1

For an undeflected charged particle, gE = qvB —= |v = %

o i< field. quB — v g v | E
With just a magnetic field, go _mfja_ﬁ_ BR

Problem 1.2
ro=10""m; h=658%x10"22MeVs; c=23.00x10°m/s;
— = (5e)
=_—=(-—]=5 =|987MeV/c?|.
SO = Droc <2r0> c? ev/e

Observed m, = 138 MeV/c>. ’ Off by a factor of 1.4.

Problem 1.3

ro = 10718 m; h =658 x 10~2 MeV s; ¢ =3.00 x 108 m/s;
me = 0.511 MeV /2.

h h hic \ 1
> ) i T 5T bR P '
AxAp > 5 SO Pmin g (27’0) c 98.7 MeV/c
Emin = \/ 2,02 + m3c* =|98.7 MeV |.

The energy of an electron emitted in the beta decay of tritium is < 17 keV.
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Problem 1.4

ma =

my =

3

Y12 (my +mz) —my)].

938.9; mg =1318.1, my = 1190.5.

1
Somy = 3 [2(2257.0) — 1190.5] = |1107.8 MeV /c2. |

Observed my = 1115.7 MeV /2. Off by 0.7%.

Problem 1.5

m,7:

mg —

U

5 2 (k) <] =5 (o).

495.67, my = 138.04.

m2 = % [9.637 x 105] —3212 x 10° =

my = 566.8 MeV /.

Actually m, = 547.3MeV/c*.  |Off by 3.5%.

Problem 1.6

My — Mss = 1232 — 1385 = —153
Mg+ — Mg+ = 1385 — 1533 = —148. Average: —151.

. M = Mz« + 151 = 1533 + 151 = | 1684 MeV /2.
Actually Mg = 1672 MeV /2. Off by 0.7%.

Problem 1.7

@ |A~ —n+m orx +KO

t — p+ K

4% t4y X0+

——
ok
—

—>ZO—|—K_,'

YT4+K; A+KT; B 4m




(b) Kinematically allowed:

AN —n+mn-
o 2t 4% 204 gt A+7r+‘

———

B — B804 E_—i—no‘

Problem 1.8

(a) With a strangeness of —3, the Q™ would have to go to (E°+K~) or
(E’ + K_O) to conserve S and Q. But the EK combination is too heavy

(at least 1808 MeV /c?, whereas the )~ is predicted — see Problem 1.6 —
to have a mass of only 1684).

(b) About[05cm|;t=d/v = (5x 1073 m)/(3 x 107 m/s) =

(Actually, t = 0.8 x 10-10s)

Problem 1.9

Yt —¥ =1189.4 - 11974 = —8.0 3% difference
p—n+E’—E" =9383-939.6+1314.8 — 1321.3 = —7.8 2 :

Problem 1.10

Roos lists a total of 30 meson types; in the first column is the particle name at
the time, in the second column the quoted mass (in MeV/¢?), and in the third
its current status.
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‘ meson ‘ mass ‘ status ‘ exotic H meson ‘ mass ‘ status ‘ exotic ‘
T 138 |« 0 755 | p(770) |

K 496 | K 02 780 | fo(600)?

K3 1630 | dead yes 01 720 | f0(600)?

X2 1340 | fo(1370)? Py 760 | dead yes
K3 1275 | f1(1285)? K7™ 730 | dead

K** 1260 | K;(1270)? ) 645 | dead

f 1253 | f»(1270)? o 625 | dead

Kz 1150 | dead yes P3 597 | dead yes
X1 1045 | a¢(980)? ¢ 556 | dead

K2 1040 | dead n 549 | gy

K1 1020 | ¢(1020) P2 520 | dead

s 990 | dead yes n 440 | dead yes
Kj 888 | K*(892) 1 395 | dead

3 885 | 1'(985)? {12 330 | dead yes
w 781 | w(782) WABC 317 | dead

Problem 1.11

From the last column in Problem 1.10 I count 7 exotic species, all of them now
dead. Of the surviving particles (of course) none is exotic.

Problem 1.12

1 quark (u): one (ui); 2 quarks (u, d): four (uit, ud, dii, dd);
3 quarks (u, d, s): nine; 4 quarks (u, d, s, c): sixteen;
5 quarks (u, d, s, ¢, b): twenty-five; 6 quarks (u, d, s, ¢, b, t): thirty-six.

The general formula for # flavors is

Problem 1.13

1 quark (1) = 1 baryon (uuu);
2 quarks (u, d) = 4 baryons (uuu, uud, udd, ddd);
3 quarks (u, d, s) = 10 baryons (baryon decuplet).



For n quarks, we can have

all three quarks the same :  n ways
two the same, one different :  n(n — 1) ways
all three different: n(n—1)(n —2)/6 ways.

[For the third type of combination, divide by six to cover the equivalent per-
mutations (uds = usd = dus = dsu = sud = sdu).]
So the total is

n+nn—1)+nn—-1)(n-2)/6

=n+n*—n+nn—-1)(n-2)/6
n

=2 o+ (n—1)(n —2)]

:% (6n+n—3n+2)

:% (n+3n+2)
n(n+1)(n+2)

6

Thus for four quarks we have 20 baryon types, for five quarks, 35, and for six
quarks, 56.

Problem 1.14
uuu uuc ucc ccc
uud udc dcc lhasC=3
udd ddc scc
ddd usc 3have C =2
uus dsc
uds ssc
dds 6haveC =1
uss
dss
sss

10 have C = 0
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Problem 1.15
uil cu uc cC
ud c5 dc
dit cd sC
ad 3haveC=1 3haveC = -1
us
St
ds
sd
S8

10 haveC =0

(including c¢)

Problem 1.16

‘ qq ‘ meson ‘ mass ‘ year

)
-

1| 70 () | 134.98 | 1950 j | meson | mass | year |
Z:ll' Z+( : 13957 | 1947 cs | Df 19682 | 1977
] ' - [ 7:(15) | 29804 | 1980
dd | n°(*) | 134.98 | 1950 cc_| 1c(15)

: ub | BY 5079.0 | 1983
us | KT 493.68 | 1949 b1B
ds | KY 497.65 | 1947 db | B 5279.4 | 1983
- : sb | B 5367.5 | 1993
s5 | 7 () | 54751 | 1962 0 15
ca | DY | 18645 | 1976 cb | B 6286 | 1998
7 : bb | Y(1 4603 | 1977
od | DF 18693 | 1976 (1S) | 9460.3

All masses are in MeV/c?; (*) indicates that the particle is a combination of
different quark states.

‘ q499 ‘ baryon ‘ mass ‘ year ‘

qqq ‘ baryon ‘ mass ‘ year

uuy | ATT 1232 1951 uuc | LT 2454.02 | 1975
uud | p 938.27 | 1911 ude | A 2286.46 | 1975
udd | n 939.57 | 1932 ddc | X0 2453.76 | 1975
ddd | A~ 1232 1951 usc | EF 24679 | ?
uus | 1189.37 | 1963 dsc | E? 24710 | ?
uds | A 1115.68 | 1950 ssc | QY 26975 | ?
dds | &~ 1197.45 | 1965 uce | ELT

uss | 2° 1314.83 | 1963 dec | EL 3518.9 | 2002
dss | &~ 1321.31 | 1963 sce | OFf

sss | QO 1672.45 | 1964 cce | QFF




999 ‘ baryon ‘ mass ‘ year ‘

uub | 5807.8 | 2007
udb | A) 5624 | ?
2 ‘ qqq ‘ baryon ‘ mass ‘ year ‘
ddb | %, 5815.2 | 2007 T o0
usb | B 5792 | 1995 b -
dsb | B, 5792.9 | 2007 T o
ssb | Q i bb
i cbb | O,
uch | 2 c«
“ch bbb | O,
deb | &,
0
sch ng
ccb | Q7

Blank spaces indicate that the particle has not yet been found (2008).

Problem 1.17

N: 3x336—62=[946]; actually939; error:
Y 2x336+540—62=[1150]; actually 1193; error:
A 2x336+540 —62 =|1150|; actually 1116; error:
E: 336+2x540 - 62=1354]; actually 1318; error:
Problem 1.18
ccc(q=-1):e cc(g=1): e"
cen(q=—-2):a ccn(g=2):u
Quarks and leptons: 3 - 3
cnn(q=—3):d can(g=3):4d
nnn (g=0): v, aaia(qg=0): v,

(The neutrinos could be switched, but this seems the most “natural” as-
signment.)

Mediators:

. 0
) or vice versa
B

Gluons: We need matching triples of particles and antiparticles,
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cencer (3 different orderings for each triple, so 9 possibilities);
cnnénfi (3 different orderings for each triple, so 9 possibilities);
leading to a total of 18 possibilities.

Problem 1.19

There are at least four distinct answers, depending on the particle in question:

e Antiparticles (such as the positron) annihilate with the corresponding

particle (the electron, in this case), and since there are lots of electrons
in the lab, positrons don't stick around long enough to have any role in
ordinary chemical processes. But if you could work in a total vacuum
you could make atoms and molecules of antimatter, and all of chemistry
would proceed just the same as with ordinary matter.

Most elementary particles (such as muons, pions, and intermediate vec-
tor bosons) are intrinsically unstable; they disintegrate spontaneously
in a tiny fraction of a second—not long enough to do any serious chem-
istry. You can make short-lived “exotic atoms”, with (say) muons in orbit
around the nucleus instead of electrons. Some of these systems last long
enough to do spectroscopy.

Neutrinos interact so feebly with matter that they have no impact on
chemistry, even though we are in fact bathed in them all the time.

Quarks are the basic constituents of protons and neutrons, so in an in-
direct way they do play a fundamental role in chemistry. (And gluons
play a fundamental role in holding the nucleus together.) But because
of confinement, they do not occur as free particles, only in composite
structures, so they don’t act as “individuals”.




2
Elementary Particle Dynamics

Problem 2.1

Problem 2.2

<«

Problem 2.3

Eight are built on ; eight are built on

; one is special.
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PO O
PRI
LUK
XA XX

Problem 2.4

Energy and momentum are conserved at each vertex. Thus, for the virtual
photon in the “horizontal” diagram

E=2m,* and p=0 = ’m:2me and v:O‘

and in the “vertical” diagram,

E=0 and p=0 = ’sz and 0:0.‘




|11

Problem 2.5

d d
- -
u u
W W
\\4

N p S—)—M—»—u
=)s > SgA E_}S 0 dfn

d > d d > d

(@) &= — n 4+ 7~ would be favored kinematically, but since two s quarks
have to be converted, it requires an extra W~ (hence two extra weak

vertices), and this makes it much less likely. ’ A + 7t~ isfavored.| Ex-

perimentally, 99.887% go to A + 71~; the branching ratio for n 4 77~ is
less than 1.9 x 107°.

(b) D® — K~ + mr": Neither vertex crosses generations:

u

D §y LK

A
=

Dogg dgn‘

A
=

D® — 7~ 4 K*: Both vertices cross generations:
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o W

A

Because weak vertices within a generation are favored,
’ K~ + 7t" is most likely, Kt + 71~ least. ‘

Experimentally, the branching ratios are: 3.8% for K~ + 7™, 0.14% for
nt + 77—, and 0.014% for K+ + .

(c) The b quark prefers to go to ¢ (V, = 0.042, whereas V,;;, = 0.004), so
’ B should go to D.

Problem 2.6

Problem 2.7

(a) Impossible (charge conservation)
(b) Possible, electromagnetic

(c) Impossible (energy conservation)
(d) Possible, weak

(e) Possible, electromagnetic

(f) Impossible (muon number conservation)
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(g) Possible, strong
(h) Possible, weak
(i) Impossible (baryon number conservation)
(j) Possible, strong
(k) Impossible (baryon and lepton number conservation)
(1) Possible, strong
(m) Possible, strong
(n) Impossible (charge conservation)
(o) Possible, weak
(p) Impossible (charge conservation)
(q) Possible, electromagnetic
(r) Possible, weak
(s) Possible, weak
(t) Possible, strong
(u) Possible, electromagnetic

(v) Possible, weak

Problem 2.8

@Kt — ut + vy + 7; weak and electromagnetic interactions are involved:
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b))zt — p + 7; weak and electromagnetic interactions are involved:

Problem 2.9

The lifetime tells us this is an OZI-suppressed strong interaction. Evidently
the B meson must weigh more than half the Y (just as the D weighs more than

half the ). Thus the B meson should weigh ’ more than 4730 MeV /c? | (and it
does).

Problem 2.10

v fe G

c >

Here’s a typical contributing diagram. Yes, it is a strong interaction. Yes, it is
OZI-suppressed. We should expect a lifetime around 10~2° seconds.

Problem 2.11

(a) Particle X has charge +1 and strangeness 0; it was presumably a proton.

(b) K~ +p — KO+ K+ +Q~ (strong);
O~ — 20+ 77 (weak);
20— A? 4 70 (weak),
7® — 7 + 7 (electromagnetic), and both photons undergo pair produc-
tion y — e + ¢~ (electromagnetic);
AY — 7 + p (weak).




Problem 2.12

A pion seems most likely—it requires only one weak vertex, with no genera-
tion crossing, and it’s light (hence kinematically favored):

p
uud
d ot
u
A
W~
uud

15
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3
Relativistic Kinematics

Problem 3.1
Y =qx—-vt) =x'/y=x—vt
t’:'y(t—c%x) :>vt’/'y:z;t—z’—§x

Adding these two equations:

l(x'—l—mf’):x 1—0—2 =x/v? "x:'y(x’—l—vt’)‘
y 2 S .
x' = (x —vt) :c%%:c%x_%;t
t’:'y(t—c%x) = t'/y=1t-5x
Adding these two equations:

1 R O R R ]

Also, y = y/, and z = z’. This confirms Eq. 3.3.

Problem 3.2

(@) From the Lorentz transformations (Eq. 3.1), ' = 7 (t — C%x)

0
ot —tg =1 [fA —tp — 2 (xa —XB)} .

If simultaneous in S (so that t4 = ), then|ts’ = tp’ + 1% (X — x4).

(b)

Y= —=y xp— x4 =4km =4 x10°m.
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;. B3/ 3\ ,,, 3x10°m _ , 5

So ;A came on’ 10> seconds later. ‘

Problem 3.3

(a) The dimension along the direction of motion undergoes length contrac-
tion, but the other two dimensions do not. Thus, volumes transform

according to

(b) The number of moleculues N is invariant. Density is p = N/V, so den-
sity transforms by ’ p=N/V=9N/V'=p.

Problem 3.4

(a)

d=ot = (0998 x3x10°m/s) (22107 s) =[659m]

(b)

1
Y= =158
1—(0.998)?

d =0 (yt) = 7(659) = (15.8)(659) =[10,400 m| | Yes.

(© They only travel 10,400(2.6 x 1078)/(2.2 x 1076) = 123 m.

Problem 3.5

d=600m; T=22x10"°s.
The half-life t1 ; is related to the lifetime 7 by t;» = (In2)7. Thus,

d=v(rt2) = #W(IHZ)T ==




Problem 3.6

(@) Velocity of bullet relative to ground = c+ ic =
c= 19—26 (slower), so bullet reach target.

3
getaway car goes 7

(b)

fe+ic
1+ (3) (

which is less than %c = %c, so bullet reach target.

U=

)

NG
(o}

CN\I‘

_>
—7

_
28

¢,

5

10
EC = ﬁc, but the

Problem 3.7
v vp00
_ |6 v 00
M= 0 010
0 001
vy —vB00 Y Y00 7(1-p?) 0 00
=B v 00| [¥B vy OO0 _ 0 YA-p)o0]| _
AM = 0 0 10 0 010 0 0 10 =1
0 0 01 0 001 0 0 01
Problem 3.8
From Eq. 3.8:

(XO/)Z _ (x1/)2 — ,)/2(x0 _ ,Bxl)Z _ 72<x1 _ ﬁxO)Z
= 92 |(x)? — 2B + BA(x")?
—(x")2 + 2P0 — B2 (x)?]

=2 |21 - B) - ()1 - )]
= (1= ) [P = ()] = ()2 = ()2

Since x?/

(xO/)Z _ (xl/)Z _ (x2/)2 _ (XS’)

2 _

= x% and x%' = x3, it follows that

(29 = (x1)? = (%)% = (%)
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Problem 3.9

a, = (3,—4,—1,-2)

by = (5,0,—3, —4)
a2 =42 +12 422 =|21]

b2 = 0% + 32 42 = [25]

a-b = (4)(0)+ (1)(3) + (2)(4) =[11]
?=3-a2=9-21=[-12,| soa”is
p? =52 —b? =25-25=0,] sob”is

a-b=(3)(5—a-b=15-11=4]

Problem 3.10

(@) (500,511,522’533’ and 501/502/ 503,512,513,523)
(b) @ (the latter six — the first four are zero in this case).
(c)

s = AYALST = AYAGsT

= AFAYs™ = s, 50" is symmetric.
a't = AUAPaKU _ AVAV(_Q(TK)

- K*r0 - K*r0

= —ALAVR"" = g,

so antisymmetry is also preserved by Lorentz transformations.
(d)
Sup = §ueguAS™ = gurgurs™

= gmgws“ = Suy, SO Syy is symmetric.

Ayy = gVKgy/\aKA = gwcgy/\(_a)m)

= —8ur gv,{a)"‘ = —auy, SOy is antisymmetric.
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(e)

s"ay, = s""ayy (just by renaming the summation indices)
=s"(—a,y) (by symmetry/antisymmetry)
= —(s"ayy). Butifx = —x, thenx = 0.

(f) Let|st = L(t" + ) |and |ahV = J(tH — t'1).

Clearly s"¥ = s'#, gV = —a"#, and t'"" = sV 4 ah?.

Problem 3.11

UM = ’)/(C,Ux,vy,vz) = Z (C, SC,O,O) = 2(5,3,0,0)

Problem 3.12
Pa+ Vs =PC+PD
Multiply by A}, to transform to S":
APl +Pp) = Ay(pe + Pb)
pa’ +pe =pc’ +rp

Problem 3.13

p2 =m?c2 >0 (Eq. 3.43), s0it’s (Eq. 3.25); if m = 0, then p2 =0, so

it’s| lightlike |. The 4-momentum of a virtual particle could be .

Problem 3.14

Say the potato weighs % kg at room temperature (20°C), and we heat it to the
boiling point (100°C). If it were pure water (specific heat ¢ = 1 Cal/kg°C=
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4000 J/kg°C), the heat required would be
Q = mcAT = (4000 ]/kg°C) (i kg) (80°C) =8 x 10*].

The increase in mass is

4
Am=8 __8x107]
2 (3x108m/s)?

1

107'2 kg |. (Not a substantial addition!)

Problem 3.15

pr=pu+py (4-vectors) => py = pr — py = Py = P+ Py — 2Px - Pu-

P =myuc?, pr=mic®, =0,
E. E E-E
P pv = Tn% —Ppr-pv, but pr-py=0so mic2 = m%c? —2%.

But E;=qmzc> and E, = |pylc. So

(m% —m?2)c
(m2 — m}%)c2 = 2ymz|pvlc = |pv| = # Also, |pr| = ymzo.
lps|  (m%—my)c {1— (mi/m%)] v
So tanf = = = > (where p = —).
Pl  2ympymzo 2y c
Problem 3.16

Before the collision, in the lab frame, pffOT = (ETA -+ mpc, p A) , SO

2 Ea ? 2 Eix 2.2 2
PTOT =<C+m3c> *PA:CT+2EA’”B+’”BC — P4
= 2E mp + (m% + m%)c>

(Tused Ei — pilc2 = mic‘*). After the collision, in the CM frame, at threshold:

Phor’ = ((my +my + ...+ my)c, 0) = (Mc, 0);  (pror’)* = (Mc)%.

But pf;OT is conserved (same before as after, in either frame) and pror? is in-
variant (same value in both frames), so

(Mz—m% —m%;)c2

2E mp + (m% +m3)c®> = M2c?, or|Es = T




[Note that this generalizes the result in Example 3.4. There, my = mp = my;

M =4my;, so Ep=

(16—1—1)m3c?

_ 2
2ty = 7mpc-.]

Problem 3.17

()

(b)

(0

(d)

Eq=

(M2 — m% — m3)c?
ZmB

M = 2my + m 0 = 2(938.27) + 134.98 = 2011.52

mp = mpg = my = 938.27

2 2
£ (2011‘552938 2(7?38‘27) —[1218 MeV

M = 2my + i +my = 2(938.27) +2(139.57) = 2155.68

my = mpg = my, = 938.27

2155.68)2 — 2(938.27)2
E:( 556;29382(7?38 ) —|1538 MeV

M = 2my + my, = 2(938.27) + 939.57 = 2816.11

my = my- =139.57, mpg =m, =938.27

(2816.11)% — (139.57)% — (938.27)?
E= 2(938.27) -

M = o + myo = 497.65 4 1192.6 = 1690.3

my = my- =139.57, mpg =m, =938.27

(1690.3)2 — (139.57)% — (938.27)?
E= 2(938.27) = 1043 MeV

23
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(e)
M = my + My+ + Myo = 938.27 + 1189.4 + 497.65 = 2625.3

my = mp = my, = 938.27

2 2
E= (2625-?;)@3822(7?)38'27) —[2735 MeV

Problem 3.18

For the second reaction (K~ + p — Q= + K% + K™),
M = mq- + mygo + mg+ = 1672.45 + 497.67 + 493.68 = 2663.80,

mp =myg- =493.68 and mp=m, =938.27,
so the threshold energy for the K™ is

(2663.80)% — (493.68) — (938.27)2

— 3182.3 MeV.
2(938.27) 31823 Me

EK— -

In the first reaction, at threshold, the K~ goes in the forward direction, and
the other particles emerge as a group (there is no point in “wasting” energy in
transverse motion, or in internal motion of the p, p, K1).

o————> ©o o0 06—
p p CK”
(before) (after)

We have, in effect, an outgoing “particle” C, of mass
me = 2my + mg = 2(938.27) + 493.68 = 2370.22MeV /.

Conservation of energy/momentum says p; + p2 = pc + Pk, Or p1 — Px =
pc — p2. Squaring:

Pi+ Pk —2p1- Pk = Pe+ P —2pc- P2
EE E
ma¢ —i—m%(cz—Z(CCK—pl-pK) :mzccz—i-mzc —2<Ccmpc).
Now

1
Ec = E+mpc* —Ex, p1-Pk = |p1llpkl, Ip1l = ~\ B2 = (mpe?)?,



and

_1 /o 22 _ L 2 21 =1
Pkl = <y B} — (me?)? = E\/(3182.3) ~ (439.68) = (31438) = °.

—EEg +ay/E2 — (myc2)? = 1 [(mccz)z - (chz)Z} — (mypc®)(E+mpc® — Ex),
ay/E2 — (myc?)? = E(Eg — mpc?) + b,

b=; {(mccz)2 - (mKCZ)Z} + (mpc?) (Ex — mpc?) = 4.7926 x 10°.

where

Squaring,

N

4 [Ez _ (mpCZ)Z} _p2 (EK — mpcz)z + b% + 2bE (EK - mpcz) ,

2 2
E? [az — (EK — mpcz) } — 2bE (EK - mpc2> - {bz +a? (mpcz) ] =0.
Numerically,
Ex — mpc? = 22440,
2
@ — (Ex —myc?)” = 484775 x 107,
2b(Eg — mpc?) = 2.15091 x 10'°,

2
0+ a? (mye)” = 3.16697 x 10%%

So
E2 (4.84775 x 106) —E (2.15091 x 1010) _ (3.16697 x 1013) —0,
or
E? — E(4436.9) — (65329 x 10°) = 0.
1 . ~1 1
E= |4436.9+ \/ (4436.9)7 +4(6.5329 x 10°) | = - (4436.9 + 6768.9).

But E has to be positive, so we need the upper sign:

E =5602.9 = T = 5602.9 — 938.3 = | 4664.6 MeV |
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Problem 3.19
(@) pﬁ = p’é + pﬁ, or pg = pi — pﬁ. Square both sides: pzc =p4+ri-—
2pa - pB-

Es E
2 22 2 22 2 22 A Ep
Now, py =myc®, pp=mpc”, pe=mec’, PA"PBE= " ~PA'Pb

But ps =0, and E4 = mac2, so mzcc2 = m%qc2 + m%c2 —2maEg, so
2mpEp = —(m2 — m?% —m%)c?, or
2 2 2 2 2 2
_ (mg+my +mp) 5| _ (my —mg+mg) ,
Eg = c= |, EC = c
ZmA 2mA

(b)

2 2 2322 2.2 2
,  (m% 4+ my —mg)c  Amymgc

EZ
2 et — = BB e

E} — pe
2 2
4mA 4mA

c
— 4 4 4 2 2 2 2 2,2 2 .2
lps| = ﬁ\/mA +my + me + 2mymy — 2myme — 2myme — 4mymy

c

_ 2 2 .0
= Znn Mm%, mg, m¢)

B me)

C
“|lpsl = |pc| = Jria A(m3, m

(c) The decay is kinematically forbidden if my < mp + mc (not enough
energy to produce the final particles, in CM frame).

Problem 3.20

@ | Ey = 1098 MeV; E, =29.8 MeV|

(b) | E; = 67.5 MeV

(©) [En+ = 2481 MeV; Eo = 2456 MeV |

(d) [E, = 9436 MeV; E, =1721MeV |

() |Ex = 1135 MeV; Ey: = 536.6 MeV |




Problem 3.21
2 _ .2
The velocity of the muonis v = (Z;T +Z§‘ ) ¢ (Example 3.3). So
Canl
1 (m% +m3)
’)/ = =
L (e )2 (2
mn—&-m%
(m% +m3) | m g

\/m% + mf + 2mzm2 — my — mf + 2mzm2 2mzy

Lab lifetime is 7, so distance is vy, or

2 2 2 2 2 2
q— m;—mg mn+m},T:mn—mHCT.
ms + my 2mpymy, 2mymy
(139.6)% — (105.7)2 8 6
d= 1 220x1 =|1 .
2(139.6)(105.7) (3%x10°m/s)(2.20 x 107° s) 86 m
Problem 3.22

(@) The minimum is clearly , with B at rest. For maximum Ep

we want B going one way, C, D, ...moving as a unit in the opposite
direction (there is no point in wasting energy in relative motion of the
other particles). Thus the others act as a single particle, of mass M =
mec 4+ mp + - - -, and we can simply quote the result for two-body decays
(Problem 3.19a):

2 2 2
my +my — M 2

Emax = ZmA

In case that argument is not completely compelling, let’s look more closely
at the case of just three outgoing particles. For maximum Ep we certainly
want C and D to come off opposite to B, and the only question is how
best to apportion the momentum between them. Let’s say

pc=—xps, pp = (x—1)pg (sothatpc+pp = —ps)-

27
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Here x ranges from 0 (C at rest) to 1 (D at rest). From conservation of
energy, muc? = Eg + Ec + Ep. But

Ec = \/mkict +x?p3c?, Ep = \/m%c‘l + (x — 1)2p3c?,

and p3c? = E3 — m3ct. So

mACZ:EB+\/m%c4+x2(E — myct +\/m e+ (x — 1)2(E3 — m3c*).

Differentiate with respect to x:

0= E +§\/7; |:2.X(E mBC )+x 2E dx
11 2 4 2,0 4Ep
+2W[2( ~ (B} — mheh) + (v~ 1?25 |,

Vi =\ fmc + 2 (B} — mich); VO =\ fmded + (x— 1)2(E] — nhct).

For the maximum we want dEg/dx = 0, so

0= 2\};23((}32 n2cd) + 2\%2( 1)(E3 — nc),
> (x-1) _ X =(1-x
Therefore

x? [m%)c4 +(x —1)*(E3 - m%c‘*)] =(1-x)? [m%c4 + x%(E3 — m%c“)},

Pmpet = (1—x)?mect = xmp = (1—x)mc;  x(mc+mp) = me,
___ Mmc
(mc + mD) '

What is the corresponding Ep?

mac> = Eg++/% +V4, but xv/é=(1-x)v/*, so
ﬂ:(l;x>\/;:(i—l>\/;, and hence

mac® =E+ /K + (i—l)\/?zEJri\/;

1
=E+ \/szzcc4 + E2 —m3c*. (E=Ep)



(mac* — E)? = (mc +mp)>c* + E2 — m3c*
— m%c* — 2Emac? —i—EZ mc+mD)2C4+EZ—szc4

2Emp = [m3 + m% — (mc + mp)?]c%.

[+ g~ (me +mo )]
2mA ’

Emax =

Are we sure this is a maximum? Maybe it’s a minimum, and the maximum
occurs at the end of the interval (x = 0 or x = 1). We can test for this by
calculating E at the end points: At x =0,

mac® = E 4+ mec? + \/m%c‘L + E2 — m3ct.

my —mc)c> — E =/ (m? — m3)ct + E2
D

(mp —me)2c* —2E(my — me)c +,ZZ mD mB c +EZ

(mag —mc)? +mB —m%cz

2(mp —mc)

Eo =

(For x = 1, just interchange C and D.) Now

2 my _ (mc +mp)? (g — mp)
sz(Emax—EO)—%‘meA_T_%‘i‘mc—m

(ma —me) [my — (mc +mp)?| + mamec(my —mc) — mu(my —m?)
ma(ma —me) '

w( Emax — Eo)

fmA[yZ mC y/ ZmCmD—l—mAmC—mC yZ—l—yy

—mc(my — me — — 2memp)
= mc[ma(—2mc — 2mD +ma) — my + me + mh + 2memp].

So

2mp(my —me)
mcc?

= (m% 4+ m%: 4+ m% —2m -2 +2 ) — m?

= A C D AMc mamp mcmp mg

= (ma —mc —mp)* — mp.

(Emax - EO)

Butmy > mg +mec+mp — (mA —mc—mD) > mp,

so the right side is positive, and therefore Emax > Ep. (By the same token,
Emax > Ejp (at x = 1), which differs only by C < D.) Conclusion: Emax
is a maximum, not a minimum.
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(m%l + m?2)
(b) ] Emin = Mec? = 0511 MeV |; | Emax = TCZ = 52.8MeV.
M
Problem 3.23

(a) The CM moves at speed v relative to lab. Classically, u = v+ v = 2v, but
relativistically the velocities add by Eq. 3.5:

2
vtv 7002 Solve for v :

u— —— =
1+7 1+%

UZ u 2
u+u—2:202>—20 —204+u=0
c c

124, /442 2 2
N e Vo PO I
2C7 u c

If we use the + sign, for small u we get v ~ %, which is wrong (it

should be %), so we need the — sign:

- 2 2 2 2 N
1-25 +1+25,/1-1% 2{,/ Lc‘z(bc‘z)]

Letq = = (the 7y in the lab frame). Then
-2
uz 1 u?
1-— 2= 7; 2= 1-— o2 Therefore
_ 1
s _erey _wenwsn 1

11 2(7y' —1) 2(y' =1 2

2|7 - G
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(c)
So T=(y—1)me*= [\%\/’y’ +1-— 1} mc?.
1, ,. .. (T ? heref

Hence 5(')/ +1) = pe +1) . Therefore

F'— 142 LZ_'—E 1 —£+£+1
T m2ct " mc? - om2ct me2
T' = (y/ —1)mc® (kinetic energy in lab), so

2T2 4T 272 T
T'=(55+—5|m?="0+4T =4T (1+ — |.
(m2c4 + mc2> me =2t ( + chz)
Problem 3.24

Let p4 be the 4-momentum of A before the collision, and let g4 be the 4-
momentum after the collision, in the CM frame; p’,, q', are the corresponding
quantities in the Breit fame. Now p - g4 = p/ - ¢4 (since the 4-dimensional
dot product is invariant):

EZ E/Z
T?—PA'QAZT?—PQ"]%-

(Note: The incoming A and outgoing A have the same energy in CM — only
the direction of A’s momentum changes. Likewise, the incoming and outgoing
A have same energy (E’;) in Breit frame, since their momenta are opposite.)
Now pa - qa = p% cos 6, where

1 1
Ph = — (B} —miyct), and ply - @)y = —pf = — (EZ — mic?).
So
E2 1 E/2 1
A 2 2 4 _ Ej 2 2 4y,
C—2—C—2(EA—mAc)cos@—c—2+C7(E:4—mAc )

E% (1 — cos0) + m? c* cos 6 = 2E'2 — m? ¢t

1-— 0 1 0 0 0
E’j - Ei (;:os) + mi‘c4 <+§OS) = Ei sin? 7 + mi,c4 cos? 3

or (dropping the subscripts) | E' = \/ E2sin? § + m2c4 cos? §.
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\
\
\
\
\
\
g
==
o \7
v
I~
»O¥
<

v
7
v

=)
w
e}
e
@
o)

Velocity makes angle 6 /2 with incident A. ‘ (v points along the line bisect-

ing pa and q4 — see diagram.)

vE
q’Ax=’r(qAx—> =0

cc

Aqa, ?|qa|cos § 2 6 <1 Ez—mic‘*)

U= = E =Fcosy |2
2
0 mc?
v—<c052>c 1—( 3 )
Problem 3.25

(@

o

1
= 5 [Ph+2pa- o+ Ph+ A —2pa- pc+pE+1h—2pa- po+pD)]
1
C

1
stttu=— [(pA +p8)°+ (pa—pc)* + (pa — PD)Z}
2
= [micz + myc* + mec® + mpc® +2pa - (pa+ ps — pc — PD)}

Conservation of energy and momentum requires p4 + pgp = pc + pp, SO

s+t+u=m3+my+mi+md.| V

(b)

Ex Ep
C25=P34+2PA'PB+P%;=P34+2<CC—PA'PB) + 15
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In the CM frame, p4 - pg = —pi, SO

2 E%« 2 2 E%a 2
PA:CT—PA:>PA:CT—PA:—PA PB

So

Ea E2 E3
czs—pi+2( Pht 3 -rAt 4 PA>+PB

E2 Ea / E2
s+ p—pp— _2* g+ -1

Squaring both sides,

4 B 4 E
(c*s+ph —p)* — 5 (s +ph — PR)EL +4/Z=c2(l7%—l’34)15,24+4/§

_ (Ps+ph )

4 4s
ECM _ (s +m% — m3)c?
2y/s

(c) In the lab frame, pg = 0and Eg = mpc2, so

EA ch 2

cs—pA+2 + p% = m%c* + 2mpE4 + mpc

(s — mi — m%)c2

Elab —
A ZmB

c c c?

E. Ep\> E3
(d) Inthe CM frame, (p4 +p3)?> = <A + B) — —TOT __ EM — \/sc?

Problem 3.26

1 1 2
§= CE(PAJrPB)z: ) [( -
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In the CM frame, ps + pg = 0and E4 = Eg = /p?c? + m%c4, so

v

1 <4(pzcz+mzc4)> | 4(p? +m?c?)

s = —
c2 c2 c?

2
t= C%(PA —pc)? = Clz KEAC_EC> —(pa —Pc)zl

But E4 = Ec and (pa — pc)? = P4 + P2 — 2pa - pc = 2p*(1 — cos ), so

~ —2p%(1—cos0)

t v
2

u is the same as t, except that p4 - pp = —pa - pp = —p? cos 6:

L —2p%(1 + cos0)

= J v

Problem 3.27

OV

(before) (after)

In this problem I'll use p, for the three-momentum of the charged particle, and
py for the three-momentum of the photon.

Conservation of momentum:

El
Pesing = p,sinf = sin¢ = C—sine
e

E E E N
o= pycos + pecosp = Cc059+pg\/1 — <pcsm6)

e

or

E—E'cosb = \/ngZ — (E’sin6)2.

— p?c® = E* — 2EE/ cos 0 + E'? cos 6 + E'* sin 0

— p?c? = E? — 2EE' cos 0 + E
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Conservation of energy:

E+mc® = E' +/m2c* + p2c2 = E' + /m2c* + E2 — 2EE/ cos 0 + E”

(E-F + mc?)? :Ez—l—,E}Z—i—mzf‘f—ZEE’ + 2Emc?® — 2E'mc?

— WP  + E2 — 2EF' cosb + PZ

ZmCZ(E —E')=72EE'(1 —cosh); E = %, E = %
1 1 n2Z
= mﬂzhc ()\ — )\’) — W(l — cos6)
h

me (S5 ) = 21 eos0) = |V =2+ 5101 - os0)
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Symmetries

Problem 4.1

movement of corners symmetry operation

A—A B—B C—C I
A—A, B—C, C—B R,
A—B, B—A C-—C R,
A—B, B—C, C—A R_
A—-C, B—-B C—A Ry
A—C, B—A C—B R4

Problem 4.2

I Ry R_ R, R, R,
I|I Ry R_ R, R, Re
Ry|R. R_ I R, R. Ry
R.|R_ I Ry R. R, Ry
Ri|Rs Re R, I R_ Ry
Ry|R, R, Re Ry I R_
Re|Re Ry Ry RC Ry I

The group is the multiplication table is not symmetrical across
the main diagonal (for example, R+ R; = Ry, but R,R+ = R,).

37
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Problem 4.3
(@)
100 001
D(I): 010]); D(R_): 100];
001 010
100 001 010
D(Ra): 001]; D(Rb): 010]; D(RC): 100
010 100 001

(b) I, R4 and R_ are represented by 1; R;, Ry, and R, are represented by
—1. This representation is not faithful.

Problem 4.4 a

The square has | 8 | symmetry operations: doing nothing (I), clockwise rota-
tion through 90° (R4), rotation through 180° (R ), counterclockwise rotation
through 90° (R_), and flipping about the vertical axis a (R;), the horizontal
axis b (Rp), or the diagonal axes c (R.) or d (Ry).

Ry Ry R_ R, R, R. Ry
I|I Ry Ry R_ R, Ry, Re Ry
Ry|Rp Ry R_ I R. Ry R, R,
Ry|Rx R_ I Ry R, R, Ry R.
R_|R_ I Ry Ry Ry Re Ry Ry
Ri|Rs Ry Ry Re I Ry R_ R,
Ry|R, Re Ry Ry Ry I Ry R_
Re|Re R, Ry Ry Ry R_ I Ry
Ri|R; R, Re Ry RO Ry Ry I

The group is (for example, R4 R; = R, but R;R4 = Ry).




Problem 4.5

(a)

(b)

()

(d)

Let A and B be two n X n unitary matrices. Then
(AB)*(AB) = B*(A*A)B = B*B =1,

so AB is also unitary (the set of n X n unitary matrices is closed under
multiplication). The usual matrix identity is unitary. All unitary matri-
ces have inverses (A~! = A*), which are themselves unitary. Finally,
matrix multiplication is associative, so U(n) a group.

Suppose that the unitary matrices A and B both have determinant 1.
Then det(AB) = det(A) det(B) = 1. We already know that AB is uni-
tary, so the set of #n x n unitary matrices with determinant 1 is closed.
The matrix identity has determinant 1, and det(A~!) = 1/ det(A) = 1,
so the set contains the appropriate inverse and identity elements; SU(n)
is a group.

O(n), the real subset of U(n) is closed by the same argument that U(n)
is closed:

(AB)(AB) = B(AA)B=BB = 1.

The identity, inverse, and associativity requirements are still met, so
O(n) is a group.

The set of n x n orthogonal matrices is closed, as is the set of n X n ma-
trices with determinant 1. Therefore, SO(n) is closed. If A € SO(n), so
is A1, and I € SO(n); SO(n) is a group.

Problem 4.6

ay =acos¢; a,=asing (a=lengthofA)
ay = acos(¢p —0) = a(cos P cosf + sinpsinf) = cos Hay + sin fa,
/

a, = asin(¢ —6) = a(sin¢ cosf — cos ¢ sin0) = cos Oa, — sin Oa,

39
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( Q) < cos 6 sin@) <ax> ( cos 6 sin(-))
a, —sinf cos6 ay —sinf cos6

RR — cosf —sinf cosf sin @
“ \ sinf cos@ —sinf cos6

IS

B (cos? @ + sin® ) (cosfsinf —sinfcosf)\ (10
~ \(sinf@cosf — cosfsin ) (sin? 6 4 cos? 0) ~\01

so R is orthogonal. v/

det(R) = cos?@ +sin?0 = 1| Group is| SO(2).

R(61)R(62)
B cosfy sinf; cos By sinf;
~ \ —sinf; cosb; —sin6, cosfs
(cosBy cosfr —sinfy sin6y)  (cos by sin 6y + sin 61 cos 6;)
(— sin 6y cos B, — cos 6 sinf,) (— sin by sin B, + cos b1 cos 67)

—sin(6; + 6,) cos(61 + 67)
= R(62)R(61).

_ ( cos(61 + 62) sin(6; + 6;) ) = R(6, +62) = R(6 + 67)

Yes, it is Abelian. ‘

Problem 4.7

MM = ((1) _2) (é _?) = (é (1)) | Yes, itis in O(2). |

det(M) = 1. | No, itis not in SO(2). |

a a
M(X>=< J‘),so ay =ay;, a; = —ay.
fay —ay

’ No, this is not a possible rotation of the xy plane. (It's a reflection in the x axis.)

Problem 4.8

For a spinning solid sphere, I = %mr2 and w = v/r, so

1, - (2 5\ /© _5n
2h—L—Iw—(5mr)(r>, U—Z%.
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An electron has mass m = 9 x 1073! kg and radius r < 107!8 m, giving

much faster than the speed of light. Evidently this classi-

cal model cannot be taken literally.

Problem 4.9

(@ Before: 2 x 2 x 2 =8states. (111, TTL TLT, TLL LT, LTL LT, LLD

After: s = % is 4 states; s = % is 2 states, and occurs twice, so we get

44242=8.V
(b) 2and1 —3,20r1.

3and1/2 — 7/2 (8 states)
—5/2 (6 states)
2and 1/2 — 5/2 (6 states)
— 3/2 (4 states)
land 1/2 — 3/2 (4 states)
—1/2 (2 states)

8+6+6+4+4+2=|30states in all

We get total angular momenta %, % (twice), % (twice), and %

We had 5 x 3 x 2 = 30 states to begin with, and 30 at the end. v/

Problem 4.10

Combining the spins of p and ¢, we can get s = 1 or s = 0, but not s = 5.

1

So this process would violate conservation of angular momentum. (If the p—e
system carries orbital angular momentum we could achieve s > 1, but still

only integer values: % remains inaccessible.)

1

ings = 0 withs = 7 yields 7). But | 5 2 would also be OK

% would do |, for combining s = 1 with s = } yields 3 and } (and combin-

, since combining

s = 1withs = % yields %, %, and % If we allow for orbital angular momentum

in the final state, | any half-integer spin | would work. But % seems the most

likely possibility.
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4 Symmetries

Problem 4.11

The proton has spin 1 and the pion has spin 0, so the total spin in the final state
is 1. This must combine with orbital angular momentum to givesy = 3. Thus!

Couldbe[S—f +(I=1)= 2or ]or[ +(1=2)= zorg}

Problem 4.12

From the % x 1 Clebsch—Gordan table, I read

3D =Vl D+ 30 1Y)
spmup
Probability of spin up is

Problem 4.13

From the 2 x 2 table, I read

20)[20) = \/18]40) +0[30) + (\@>|zo>+o|1o>+\/g|oo>.

So you could get

j = 4, probability % ;] = 2, probability % ; orj =0, probability %

(What this means, of course, is that the total angular momentum squared
could come out 4(5)h* = 20h*(j = 4) or 2(3)k* = 6l*(j = 2) or 0(j = 0).)
Do the probabilities add to 1?

18 2 1 18+10+7 35

s 75T oY

Problem 4.14

From the 2 x 5 3 table, I read

|%*%>:\/ 70|21 |2*% Jr\/ 35|20 %*%
(VR Db+ (-VE) 25 .
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So you could get

my =1, probability 27/70; or 0, probability 3/35;
or — 1, probability 5/14; or — 2, probability 6/35.

(That is, S, for the spin-2 particle could be 1, 0, =71, or —2/1.) Do the probabili-
ties add to 1?

27 3 5 6 2746+25+12 70
AR e Lk sk

70 35 ' 14 ' 35 70 =7 LY

Problem 4.15

¢, _h(o1 1/vV2\ _h eigenvalue|
e =2\10) \1/vz) ~2t 8 2

5 h(01 1/V2 h . h
Sxx— = 5 (1 0) <—1/ﬁ> = fix,; eigenvalue —5
Problem 4.16
) . 1 2 1 2
of 2 = | T a+ ) +| S5 a—p
= %[(04*+/3*)(0¢+ﬁ)+(06*—ﬁ*)(w—ﬁ)]
= 5 (IaP + 2B+ Bt [BP +[af —a'p — pa + |B)
— P42 =1 v
Problem 4.17
(a)
h(0—i\ (o) _, («a —i(h/2)B\ _ (Aa
(5 70) (5) = () = (Tivae) = ()

h h h 2 h? ) h
—IEIB—M@ zﬁoc—)\ﬁé —12[%—/\<ih/\ﬁ> = Z,B—)\ ,B:>)t—:t§
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Plus sign:

—izﬁ:za;»ﬁzm;»M:(g):

Minus sign:

(i)

izﬁz—;;a:»/sz—msz<g>:

()

In both cases normalization (|a|> + |3|> = 1) gives « = 1/+/2. Conclusion:

Eigenspinors are = L 1
gensp X+ = NAC A

’ Eigenvalues are +71/2. ‘

(b)
A S SN AU A DN v )
() =exe van =5 (1) +as (1) - <5<c—d>
1 i . 1 .
a:\ﬁ(c—l—d)ﬁ:ﬁ(c—d)#\@(a—zﬁ):2c:>c:ﬁ(zx—z/3)
or ﬁ(a+i/s):2d;»d:i(zx+i/s)

V2

+1h, probability % |a ¥ ip|%.

You could get

Problem 4.18

(a) From Eq. 4.24, probability of %h is

el (e )
Probability of — 17 is
ol =[5 (5 5) - Lo

(b) From Problem 4.17, probability of 17z is

o la aasan=Ltara=|l
10 10 2

3 -

= (1 _ 2’)
V2 V5 V5
Probability of — 17 is

N =



1 4
(c) Probability of 171 is |a|?> =| = |; probability of — 371 is |B|> = =

Problem 4.19

(a)

(b)
o — 01\ /0 —i\ (i O _ 1 0 e
e \1ro0/\i o) \0o-i)  \0-1 :
o — 0—-i\ (01\ [(—-iO0 _
y“x—\ioJ\10/) \0i) 7F
S 0 —i 1 0\ [0 _101_10
=7 \i oo 0-1/) \io/  "\10) 7%
o — 1 0 0—i\ (0 —i _ i
=Yy o0 -1 i 0) \-io) 7%

(1 0\ /01\ 01 _ 0 —i ;

20 =\o-1)\10) " \=10)7"\i o)
o — 01\ /1 0\ [0-1 _
“z7\10/\0-1/)  \1 o) V¥

Problem 4.20

(a)

01, 07] = 010} — 0j0; = 6jj + i€jr0k — Oji — i€jik0

But 51‘]‘ = (Sji/ €jik = —Eijk- So [(Ti,O'j] = 2i€ijkak-

|45
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(b)
{U'i, 0']} = (Tl'(Tj + o0 = (51] + ieijkak + 5]1 + iejikak = 251]
(0
(0’ . a)((f . b) = Z(Tiaiajbj = Z{libj((fitfj) = Zaibj(éij + iei]'kUk)
i,j ij ij
= Zalb]&] + iz€ijk‘1ibj(7k =a-b+ic- (a X b)
ij ij
Problem 4.21

(a) Noting that0? = 1, 03 = 03, etc.,

(i80,)*  (ifo,)3
2 + 3! +

6> ot . RN S
(-GG ) (-G g )

e =1+ ifo, +

=cos 6 + io, sinf
In particular ¢/72/2 = cos (11/2) +ioy sin (71/2) = ios.

(b) Similarly (all we need is O’yz =1) %% = cosf + ioy sin#, so

o .. o i . 0—-i\ |/0-1
U = cos90” —isin90°0y = —ioy, = l(i 0) (1 O)

1 0 -1 1 0 Do
u (O> = (1 0) <O) = (1) , which is spin down.
(0

. : 1 o\2 1 o\
u(e) =e 00214 (—i62‘7> +5 (—i“) + (—i“) +oo

u(e) :1—1'(6'2‘7)—;(2) +%i(e-¢r)2—§+~
[
= cos (g)—i(é o) sin <Z>
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Problem 4.22

()
0

A 0y 0 sy
ll—c:os2 i(0 cT)smz, u —cosz—f—z(G 0')51112

But ot = ¢ (the Pauli matrices are Hermitian), so

ut :cosg —i—i(@-(r)sing.

uut = {cos — —i(f-0)sin z] [cosz +i(6- o) sin ﬂ

0 A 0 0
2V 5 in - cos -
= cos” 5 i(6-0) (sm2 cos 2)

A 0 0 A A 0
+i(0-0) <coszsin2) +(0-0)(0-0) sinzi

0 0
:coszi—i—sinzi =1. Vv

[Note: I used Problem 4.20 (c) to show that

~ a

0-0)f-0)=0-0+ic-(0x8)=1]

(b)

o e/10\ .. 0 0. (6 —iby)
U(B)—cosz<0 1) 1sm2<(§x+iéy) 4,

~ ((cos§ —ib.sin§) —isin§(d; —iby)

~ \—isin§(By +id,) (cos§ +ifsin})

0 .. .0 6 ..~ . 0 .00 A A A s
detU = (cos2 — if, sin 2) <c052 + 16, sin 2) + sin E(Gx +1i0y) (0 — i6y)

0 4 0 0 A 0 0,5 s A
= cos? 5+ 62 sin® 5+ sin? 5(9326 + 95) = cos? 5t sin? 5(9326 + 02 4-62)

0 0
= c052§+sin2§:1. v
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Problem 4.23

(a) Call the three column vectors x+, xo, x—- We have:

10 0
S.x+ =hxe; S:xo=0; S.x_=—hxy_; so §Z:h(00 0).

00 -1
(b)
$4111)=0; S$,]10) =hrv2—-0[11) = V2r|11);
$.]1 —1) =rv2-0/10) = V21|10).
1 0 1 0 0
Silol=0 S.(1)=vamlo]; S |{ol=vam|1].
0 0 0 1 0
0v2n 0
§+: 0 0 \/ih
00 0
S_[11) =12 +0[10) = v21[10);
S 10) =rv2+0[1 —1)=V211 —1); S_|1 —1) =0.
0 0 0
|S-={v2n 0 0.
0 V21 o
(0

010

010
N n s — 1 8 no
Sx—§(5++57)— \ﬁ (lOl) ,Sy—5(5+_57)— (

(d) Represent the four spin % states (m; = —l—%, —|—%, — %, - %) by the column
vectors
1 0 0 0
0 1 0 0
01’ 01’ 1]’ 0
0 0 0 1
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Problem 4.24

Q" =100); n*=01) =35 p"=[11); 5=1[00) K =]|;3)

Problem 4.25

(@)

u Q:;+;<;+O)=§ v
RGO
s Q—0+;<;—1 :—% v
(b)
a=3 -1 Q——;+;(—é+0>——§ v
J=|1 1y, Q:;+;(;+O):; v
5= 00); Q:0+1<—;+1>:; v
Problem 4.26
(a)
Q:13+%(A+S+C+B+T)
(b)

1 1
L=5U+D)|; |A=z(U+C+T-D-S—B)
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(©
1 11
Q:E(UJFD)JrE g(U+C+T—D—S—B)+S+C+B+T
1
= §[2(U+B+T)+(D+S+B)]
Problem 4.27

1/1 3
Ri=M+DL)?*=0F+1E+2L -1 Herellz—lzz—z(—i-l) =C

3.3
2, =0in singlet state, so 0 = 1 + 1 +2I) - L,or |} - I = —2.

2y=1(1+1) :2intriplet,502=Z—i—%—i—ZIyIz,or L =1

Problem 4.28

(@

My = Me = §M3—|—§M1,
1 2
M= My g./\/lg + ng ;

Mg =My =M; =M; = (V2/3) M5 — (vV2/3) M.
(b)

U'gZO'bZO'CZO'dZU'gZU'fZO'gZU'hZO'Z‘ZU']‘I

IMs|?: [2M3 4+ My |? : [Mz +2M1 [ : M3+ 2M?
D 2M5 4+ M7 19 M3|? 2| My — M| 2| M3 — My ?
: 2|M3 — ./\/l1|2 : 2|./\/l3 - Ml‘z

(c)

Opg:10p:0c:04:0,:0f:0g:0,:0;:07=9:4:1:1:4:9:2:2:2:2
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Problem 4.29

Using the method in Section 4.3:

{”‘+Pr -3 b= 13 -3 -

1
mps I35 =153)

K40 : Jh - DIo) =33 b +/ill - b
Kozms DI -1 =3 -5 - /313 - D)
Krrzt: ppin=133)

V2, V2
Me =Mz, M, 7/\43—?/\41; M, = MS"’ Ml

2 1
0 :0p 0, = §|/\/l3—/\/11|2 : §|/\/l3—i-2/\/11|2 C | M3

If the I = 3/2 channel dominates, M3 > M3, so ’ Og:0p:0.=2:1: 9.‘
If the I = 1/2 channel dominates, M7 > Ms3, so’aa 20,0, =2:4:9. ‘

Problem 4.30
{K+p 3 = DIk =4/1110) - /3l00)
ROtp: [3l32)=111)
204n0 0 [10)10) = \/320) —/§00)

stoa: D11 -1)= ﬁl20>+\@\10>+\/%|00>

0)
)

Bt 4ad o [11)]10) = \/321) +/311)
)

24t L)1) = /121 - /i

(a) Mo = —/31/IMo;

(b) My, = \/;\/g/\/ll—k\/g\/g/\/lo;
() Me = \/Imy;

(@ My = /b



1 1 1 1
Ua:Ub:UC:Ud:g|M0|2 WMo IMIP - SR iR

If ] = 0 dominates,

Oai0p:0c:03=1: 100\
Loy ad_0122\

If I = 1 dominates,

Problem 4.31

If My > M3, Eq. 450 becomes 0, : 0c : 0j = 0:2: 1,50 oyt (7" +p) =0,
Ot (T~ + p) = 3, and Giot(T + p) /0ot (7t~ + p) = 0. There is no sign of a
resonance in oot (71T + p) at 1525, 1688, or 2190, so these mustbe I = 1/2. (The
ratios are not zero, of course—evidently there is a lot of resonant background.)
There is a clear resonance in oyot(77" + p) at 1920; this must be I = 3/2. (The
ratio is oyt (7T + p) /oot (T~ 4+ p) = 43/36 = 1.2, which is not very close to
3—presumably this is again due to nonresonant background.)

The nomenclature should be| N(1525), N(1688), A(1920), N(2190). | The Par-

ticle Physics Booklet lists N (1520, N(1680), A(1920), N(2190) (and there are
others with roughly the same mass).

Problem 4.32

{=%: oy

@+ L) -1)=/L20)+,/310) +,/300)

)0+ : [10)10) = /320~ /00)
(T +mt: 1 -1 =,/120) - \f|10 +/3l00)

Ma:\/ng, M, =0, Mcz—\/ng- 10y =1:0:1

I'd expect to see about 50 decays each to X1 + 7~ and £~ + 7", but none to
YO0 4 70

Problem 4.33

(@) Isospin must be

(b) The deuterons carry I = 0, so the isospin on the left is zero. The « has
I =0, and 7t has I = 1, so the isospin on the right is one. This process
does not conserve isospin, and hence is not a possible strong interaction.

|53
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(c) There are five possible 4-nucleon states:

(nnnn), (nnnp) = *H, (nnpp) = *He, (nppp) = *Li, (pppp) = *Be

In principle they could form an I = 2 multiplet, but since *H and *Li

do not exist, this is out. | No: *Be and (nnnn) should not exist. | (*H, “He,

and *Li could make an I = 1 multiplet, but, again, 4H and *Li do not
exist, so this too is out. Evidently four nucleons bind only in the I = 0
combination, making *He.)

Problem 4.34

(a) Suppose f is an eigenfunction of P: Pf = Af. Then

P2f = P(Pf) = P(Af) = A(Pf) = A(Af) = A%f.
But P2 =1,s0 A2 =1,and hence A = +1. v

(b) Let| f1 (x,y,2z) = 1 [f(x,y,2) £ f(—x,—y,—z)] |. Then f = f; + f_. Note
that

Pfe =3 [f(—x,—y,—2) % f(x,y,2)] = £f+,

so f+ is an eigenfunction of P, with eigenvalue 1.

Problem 4.35

(a) P would transform a (left-handed) neutrino into a right-handed neu-
trino, which doesn’t even exist (in the massless limit).
(b) The K has intrinsic parity —1, so the ’ two-pion decay ‘ violates conservation

of parity.




Problem 4.36

(a) Equation 4.60 says G = (—1)!C, so

m: [=1,C=1 =|G=-1]
p:1=1C=-1=[G=1]
w:1=0,C=-1=|G=—1]
n: 1=0,C=1 =[G=1]
n': 1=0C=1 =[G=1]
¢p:1=0C=-1=|G=—1]
fr: 1=0,C=1 =[G=1]

Problem 4.37

(a) Since the # and the 7t’s have spin zero, the final state would need to
have orbital angular momentum zero: | = 0 (by conservation of an-
gular momentum). But this means that the parity of the final state is
(Px)(Pr)(—1)" = (=1)(~=1)(—1)° = 1. However, the parity of the 7 is
—1, so this decay is forbidden by conservation of parity.

(b) The G-parity of the final state is (—1)3 = —1 (Eq. 4.61). But the G-parity
of the 77is (—1)°(1) = +1 (Eq. 4.60 and Table 4.6). So y — 37 violates
conservation of G-parity, and hence is a forbidden strong interaction.

Problem 4.38

Same baryon number as antiparticle = meson; same charge as antiparticle =-
neutral. We’re not interested in 44, since these are already their own antipar-
itlces; we need g4, with Q1 = Qy = Q:

Q= -1/3:ds < sd, db < bd, sb < bs.
Q =2/3: (only, since t forms no bound states).

So the candidate mesons are | K « K%, B® « BY, B «» B?, DY «» DV.

55
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Neutron/antineutron oscillation would violate conservation of baryon num-
ber. The vector mesons decay by the strong interaction long before they would
have a chance to interconvert.

Problem 4.39

First establish the convention for positive charge, as in Section 4.4.3: it is the
charge carried by the lepton preferentially produced in the decay of the long-
lived neutral K meson. Then define right-handedness: it is the helicity of the
charged lepton produced in the decay of a positively charged pion. Finally,
define “up” as the direction away from the earth, and “front” as the side our
eyes are on; cross “up” with “front”, using the right-hand rule, and the result
is the side our hearts are on. (Identifying the particle types is easy—just make
a list in order of increasing mass.)

Problem 4.40
Penguin:

BO
Tree:
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5
Bound States

Problem 5.1

(@) mg —my —my, = 1875.6 — 938.27 — 939.57 = —2.2, so the binding energy is

2.2 MeV |, which is only 0.12% of the total. , it’s not relativistic.

(b) mpz —my —my, = 140 — 340 — 336 = —536, so the binding energy is

536 MeV |, which is 3.8 times the total. , it is relativistic.

Problem 5.2

Heren=1,1=0,m; =0, s0

1/2
2\%1 .
Y100 = [(g) 2] e~"/e Li(2r/a)YY(6, ¢) e Eat/h,
But L(lJ =1, and Yg =1/v4m so
2 1 : 1 ;
4 — 7e—r/u7€—zE1t/h _ 7677‘/0671E]t/h’
100 = 373 N —
where E; = —me*/2h%.

Now  V2f(r) = (1/1?)(d/dr)[r*df /dr], so

2 —iEqt/h 2 —r/a
V¥ - w/h — -
100 \/ 7-(a3e 1’2 dr I:r ( a) ¢ :|

b imem (I e Lol (12 F1o0-
mad a) r? a at ar

The left side of the Schrodinger equation is

w12 ¢2
Ihs=—— =5 —— ) Y100 — — Y100
S m (az ar> 100 = =~ *100
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But a = h? /me?, so the second term cancels the third, leaving

7> me*

Ihs = ———Y100 = ——5 Y100
5 a2 100 o2 100

Meanwhile, the right side is

8‘1’100 . iE1 me4
=ih(—— ) Y100 = E1¥100 = —— Y100- vV
ot I 100 11100 o2 100

ih 5

Normalization requires
/ |¥|2r? sinfdrdfdp = 1.

Here
1

[¥100]* = ﬁefzr/”, and /sinGdG dp =4m, so

2.2 o _ —2r/a2 g, _ ® —
/ |¥100|* 7* sinOdrdfdp = m34n/0 e > dr - {2 (2) ] 1. v

Problem 5.3

There are four states:

1/2
23\ 1 :
_ —r/2a 11 0 ,—iEst/h
Fa00 = [(2;1) 4<2)3] e "/H L1 (2r/2a) Yy e 2

— 1 (2 _ f) efr/ZaefiEzt/h

4a\/% a
’\3 1 1/2 X
Y. — ) = —r/2a ((Z1\ 1300, 19,) Y0 p—iEat/h
210 [(2{1) 4(6)3] e (2{1 0(2r/2a) Y7 e
= _ re~ "/ cos feE2t/N
4a2\/2ma

3 1/2
2 1 2r ;
b4 — —r/2a L3 2% /2 Yil —iEyt/h
21+1 [(251) 4(6)3] e (2{1) 0(2r/2a) Y[ e

1 B ] S
re /2% gin geti?e—iE2t/M
mta

- $8112\/

where E, = —me4/8h2, and I used

1 /3 /3 :
Y)=——, Y)=1/-=cosh, Y{i'=F\/_—sinbe,
0 \/E 1 an CcOs 1 F 87 smoe




and Li(x) = —2x+4, L} =

Problem 5.4

p? 1/2
E=cy\/p?+m22=mc*(1 :
c\/p~ +mc mc +m2c2

Binomial expansion:

11
(1+e)?=1+ze— gt =

2 (p?)? 2 4
E ~ 2 1 P _ p _ 2 L _ p .
me [ T " amdd| T o T s
So ) .
T=E-ml?~Y P __
me 2m  8md3c?
Problem 5.5

From Eq. 5.19,

Ez;o —Ei/2

|
|
=
|

By comparison,

1
E,—E=E (4 - 1) = —ZEl = —%(—13.6) =[102ev

so the fine structure is smaller by a factor of nearly a million.

[Ez - uc4mc24(12)4 (;L - i)} - {E2 - a4mc24é)4 (

1 4 2 1 1 4 6 — \V4
- ~ 39 137 .11 1 _
it me 32<1 7) (0.511 x 10°) 53x 10 e

4

3

1

2

)

Problem 5.6

From Eq. 5.20,

1 13
AEgs = a°mc®——k(2,0) ~ ——a’mc?
s = a’mc 4(2)3k( ,0) 3yl me

(using k(2,0) ~ 13). From Eq. 5.21,

1 1 1 2
_ 5,2 _ o B2
AEp = a’mc 1) k(2,1) 71(3/2)} 35l me (37_[)

59
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5 Bound States

(I dropped k(2,1) < 0.05 in comparison with 2/37 = 0.21). So the Lamb shift
is

2\ 1 132/1Y°
AE = AEg — AEp ~ (13+ ) —a’mc* = () (0.511 x 10°)

37 ) 32 32 \137
=437 x 100 eV |.
E 437 x 107°
E=lh=v=-= =11.057 x 10° Hz |
YTV T 20658 x 10-16) L

(Not bad!)

Problem 5.7

In the absence of any splitting there are 16 completely degenerate states (four
orbital states, and for each of these two electron spin states and two proton
spin states). Fine structure splits these into two distinct energy levels, one for
j = 1/2 and one for j = 3/2 (the 25, /, and 2P/, states remain degenerate,
2P3 5, is slightly higher). The Lamb shift lifts the 25; ,,/2P;,, degeneracy, so
there are now three distinct energy levels. Hyperfine splitting further separates
each of these into two, according to the value of f (Oor 1,if j = 1/2; 1 or 2, if
j =3/2). So there arein all: n=2,1=0,j=1/2,f =0 (one
state); n = 2,1 =0,j =1/2,f =1 (three states); n = 2,1 =1,j =1/2,f =0
(one state); n =2,1 =1,j=1/2,f =1 (threestates);n =2, =1,j =3/2,f =
1 (three states); n = 2,1 =1,j = 3/2, f = 2 (five states)—still 16 states in all.
Using Eq. 523 withn =2,j=1/2, f = 0 (lower sign),and =0, 1:

_(m\ 4 2 1 1 imN s
AES_(m,,)”‘mc 16 (1/2)(1/2) ~ 4 \m, )" "

_(m\ a2V 1 _ 1 mN s
AEP_(m,,)“mC 16 (1/2)(3/2) ~ 12 \m, )" "

1
AE = AEs —AEp = —- <n’?> ey,
p

4
= —% (5;;) <1:1))7> (0.511 x 10%)(2.79) =[3.67 x 107 eV |.

This is about a tenth the Lamb shift.




Problem 5.8

Forn = 3wehavel =0(S), ] =1 (P),and! = 2 (D). For ! = 0 we can
have either the singlet or the triplet spin configuration (since I = 0, j = s
automatically). For | = 1 we can have the singlet (with j = 1 automatically)
or the tripet (for which j can be 0, 1, or 2). For | = 2 we have the singlet (with
j = 2 automatic) or the triplet (for which j can be 1, 2, or 3). So there are 10
levels in all. But it turns out that 3P, and 3D, are degenerate, so in fact there
are just @ distinct energy levels.
The unperturbed energy of all these states is (Eq. 5.27)
51 —13.6

E; = —a®mc %= 178' = —0.756 eV.

The fine/hyperfine correction is (Eq. 5.29)

(1+€/2)
2I+1)

11 (14€/2)

-~ 12 = (2. 107°) |0.1146 —
9% (2l+2)} (268 x1072) 101146

Efs = a*mc [

(with € given by Eq. 5.30). In addition there is an annihilation correction,
which applies only to the triplet S state (Eq. 5.31)

1
Eann = w4m02@ =1.342 x 1072 eV.

In units of ueV (10~° eV), the corrections are:

|
U
)
N

18y: 1=0,5=0,j=0,e=0; AE=268(0.1146 — 1) 3
361: 1=0,s=1,j=1e=—% AE=268(0.1146 — 1) +13.42
p: 1=15=0,j=1e=0; AE = 26.8(0.1146 — 1)

I
i
a1
)

I
®

I

Ul dn
!\.) 3
N
N

3Py: I=1,5=1,j=2e=—%; AE=268(0.1146 — 1)

i I=1s=1j=1e=1%  AE=268(0.1146 — ) =|-8.10
3Py 1=1,s=1,j=0,e=2  AE=268(0.1146 — 2) =|-14.8]
Dyt 1=2,5=0,j=2e=0; AE=268(0.1146 — &) =|-2.29
Dyt 1=2,5=1,j=3e=—1; AE=268(0.1146 — {&) =|-1.01
3Dy 1=2,5=1,j=2€e=1  AE=268(0.1146 - 1) =[-2.74]
Dy 1=2,5=1j=1e=2  AE=268(0.1146 - 12) =|-4.52
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104

-20

-30 4

1S state 35 state 'P state 3p states 'D state 3D states

Problem 5.9

The ¢ is | quasi-bound |, because the OZI-allowed decay into a pair of K’s is
kinematically permissible (my = 1019 > 2mg = 990).

Problem 5.10

The parameters we have to work with (in solving the Schrodinger equation)
are

m (units of kg =J-s>/m?), T (unitsof]-s), Fy (units of N = J/m).

From these we must construct an energy:

J = mnPE] = (]izyc J-s)P (]>7 _ Bt fy 20

m m
Evidently
20+B=0=P=-202a+y=0=>7=-20,a+B+7=-3a=1,

sox = —1/3,8 = =2/3,and hence

211/3
E— m_1/3h2/3Fg/3a _ |:<hf:l)) :| a,

where a is some numerical factor.



Problem 5.11

For the ¢’s, M = 2m, + E,, = 2500 + E;;:

| P [[ M | M | Ms | My |
500 || 2800 | 3200 | 3500 | 3700
1000 || 3000 | 3600 | 4100 | 4400
1500 || 3200 | 4000 | 4500 | 5100
Expt || 3097 | 3686 | 4039 | 4159

For the Y’s, M = 2my, + E;; = 9000 + E,;:
Fy My | M M3 My
500 || 9300 | 9700 | 10000 | 10200
1000 || 9500 | 10100 | 10600 | 10900
1500 || 9700 | 10500 | 11000 | 11600
Expt || 9460 | 10023 | 10355 | 10579
Level spacings:

Fpb || Mp—M; | Ms—M; | My—Ms
500 400 300 200
1000 600 500 400
1500 800 600 500

Expt () 589 353 120
Expt (Y) 563 332 224

Evidently Fy is between 500 and 1000; of the three choices, | 500 MeV /fm | is
best (though 1000 looks better for the masses themselves). The results are not
exact, of course, because (a) the potential (Eq. 5.35) is just an approximation,
(b) the parameters used in creating Table 5.2 are very rough (in particular,
the quark mass is about right for the c, but way off for the b, and the strong
coupling is only taken to one significant digit). All things considered, the
agreement is surprisingly good.

Problem 5.12
For the pseudoscalar mesons, S; - S = —%hz, so
4m? 3 1 m>
M = “(159) | —=h? = — 477 —1,
my + my + P ( )( 1 ) — my + my p—
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7T my = my = my = M = 308+ 308 — 477 = 139 |
K: m1:mu,mZ:mS:>M:308+483—477%:
uil : same as 7 : 139, dd : same as 7 : 139

} 308\
85 :my =mp =ms = M =483 + 483 — 477 183 =772

n:M= %(139) + 2(139) + %(772) =
7 M= 5(139) + £(139) + 1(772) = [350)2)

For the vector mesons, S; - S; = }Lh2, SO

4m? 1 1 2
M= my +my + ;Z” (159) <h2> = my + iy + 1590

4 mqmo mymy’
o my =my =my, = M =308+ 308+ 159 = [ 775
308
K* cmy = my,my = mg = M = 308 + 483 + 159~ [ 892

308 2
¢:ml:mzzms;»M:483+483+159<483> =[1031

w : My =my = my = M =308 4 308 + 159 = | 775

Problem 5.13

(a) For the pseudoscalar mesons (see Problem 5.12):

2

M = iy + my — 47700
mqmnip

2
e : my = my = me = M = 1250 4 1250 — 477 (%) = 2471
D° : my = me, my = my, = M = 1250 + 308 —477% — | 1440
DS :my=me, my=mg= M= 1250+483—477ﬂ = 1658
s « ° (1250)(483)

The observed masses are | 2980, 1865, and 1968

, respectively.
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For the vector mesons (Problem 5.12):

2

M = my 4+ my 4159 My .
mimyp

Y my =my =m, = M = 1250 + 1250 4 159 (1320580> 2510

308
D*0 . my = me, my = my = M = 1250 + 308 + 159~ = [2539

1250
DXV my = me,my = m :>M—1250+483+159&— 1758
s o T ez s - (1250)(483)

The observed masses are ’ 3097, 2007, and 2112 |, respectively.
(b) For the pseudoscalar bottom mesons, we have

ub : my = my,, my = my = M = 308 + 4500 — 477 —— 308 = 4775

4500
sb: my = ms mzzmb:>M:483+4500—477ﬂ:
’ (438)(4500)
cb 1 my = me mzzmb:>M:1250+4500—477ﬂ:
' (1250) (4500)

bb : my = my = my = M = 4500 + 4500 — 477 <4350080> 8998

The observed masses are , respectively.

For the vector bottom mesons:

308
ub : m1—mu,mZ—mb:>M—308+4500—|—159( ) = {4809

4500
sb 1 my =ms, my = my = M = 483 + 4500 + 159 ———~——— (308)2 = {4990
Cor T e e - (483 ) (4500)
_ (308)2
b:m = = = 1250 + 4 159——— __ —[57
cb < my = me, my = my = M =1250 + 4500 + 159 e

bb 1 my = my = my, = M = 4500 + 4500159 (;ﬁﬁ;) 9001

The observed masses are | ???, ???, 2?7

Evidently the effective masses of the heavy quarks are somewhat larger than
their “bare” masses as listed in the Particle Physics Booklet—hardly a surprise,
since the same is true of the light quarks.
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Problem 5.14

The proton is composed of u, u, and d. To make it antisymmetric in 1 < 2,

with appropriate normalization, we want | p = \% (ud — du)u |. The other five

corners are constructed in the same way:

1 + - 1 _ - =1 —
n= \f(ud du)d|, |ZT = \/E(us su)u|, |X \[(ds sd)d |,
B0 = %(us —su)s|, |E7 = %(ds —sd)s

Actually, the overall phase of p is arbitrary, but having chosen it, the others
are not entirely arbitrary. In terms of isospin, p = \% %) ; applying the isospin
lowering operator (see Problem 4.23(a) for the angular momentum analog):

Lp=Il33) =3~z —p =l - =n
For three particles,
I=Lh+Lh+1Is = =L +L_+13_

(where the subscript indicates the particle acted upon). Meanwhile, for the
quarks [_u =dand I_d =0, so

L_+IL_ +I3 ]| (udu—duu)

S

Lp= I
= L [(I_u)du +u(I-d)u+ud(I_u) — (I_d)uu — d(1_u)u — du(I_u)]

[ddu—l—O—l—udd—O—ddu—dud]

= —(udd—dud) =n v

S-S

S

Evidently these phases are consistent.
Now X* = |11), and (Eq. 4.77)

Lt =1_]11) = /1(2) — 1(0)[10) = v/2|10) = v/25°.
So (noting that s is an isosinglet, so I_s = 0):
L2t = % -+ L+ I3 ] (usu — suu)
= [(I w)su+u(I_s)u+us(I_u) — (I_s)uu —s(I_u)u — su(I_u)]

5 dsu 40+ usd — 0 — sdu — sud]

S sk sk

= T(dsu + usd — sdu — sud) = vV25° = |20 = 1 [(us — su)d + (ds — sd)u]
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Finally, A is constructed from u, d, and s; the most general linear combina-
tion of the various permutations that is antisymmetricin 1 < 2 is

A = a(ud — du)s + B(us — su)d + y(ds — sd)u.
Orthogonalize with respect to X:

[(us — su)d + (ds — sd)u] - [w(ud — du)s + B(us — su)d + y(ds — sd)u]

= SO+ +12]=0 = =5

N =

Orthogonalize with respect to 1 4:

[uds — usd + dsu — dus + sud — sdu|

Sl -

- [a(ud — du)s + B(us — su)d + y(ds — sd)u]

= ZR@ A1) =0 = w=p-7=2p
So
A = B2(ud — du)s + (us — su)d — (ds — sd)u] .
Normalize:
B [2(ud — du)s + (us — su)d — (ds — sd)u]
- [2(ud — du)s + (us — su)d — (ds — sd)u|
_ g —19p2 — _
- Pl 2+ =126 =1 = p-
A= \/% [2(ud — du)s + (us — su)d — (ds — sd)u] |.
Problem 5.15

We want a color singlet made from g and § (see Eq. 5.46). This is the color
analog to the flavor singlet (Eq. 5.42):

1 _
%(ﬁ' +bb+¢3)
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Problem 5.16
Equation 5.62 says
0 = L2 (o) palf) + () (H) + pu©vn(f],

SO

W19) = 2 [9ras) [9ra(s)) ralF)lra()) + (ra(s) s ) (pra ()]s (1))
+(¥12(5) [13(s)) (P12 (F)[913(f)) + (Y23(5) [1h12(5)) (P23 (f) [$12(f))
+(W23(5) [23(5)) (P23 () [$23(f)) + (W23(5) [¢13(5)) (Y23 () [$13(f))
+(¥13(s) [12(5)) (P13 () 112 (f)) + (Pr3(5) [$23(5)) (P13 (f) [$23(f))
(s (5) 913 () (1 (F) s (1)) -

These states are normalized ((¢12(s)|y12(s)) = 1, etc.), but they are not or-
thogonal. From Egs. 5.51, 5.52, and 5.53, using the “typical” state (% %)

(P12(s) Y3 (s)) = 5 (11T = L11) - (1L = 111) = =% = ($23(s) [12(5))
(Pr2(s)|pr3(s)) = 3 (TLT = LT - (1L = L11) = 3 = (¥13(5)[¢12(s))
(P13(8)[9a3(s)) = L (1TL = LT1) - (TTL = T11) = 3 = (¥3(5)[$13(s))

From the figures on pp. 185-186, using the “typical” state in the upper right
corner:

(Y12(f)923(f)) = 5 (udu — duu) - (uud — udu) = —3 = (Y23(f)|¢P12(f))
(Yr2()g13(f)) = 5 (udu — duu) - (uud — duu) = 3 = (P13(f) [P12(f))
(P13()¢23(f)) = 5 (uud — duu) - (uud — udu) = 3 = (P23(f)1P13(f))-

wivy = 5 1+ (-
_l’_




Problem 5.17

From Eq. 5.62, using Egs. 5.51-53 and the diagrams on pp. 185-186, I find:

5= V2 (=11

(111 — TU1) (s — usu) +

=t (usu — suu)

S

NI—=

(111 = L17) (uus — suu)

"‘N\»—‘
N =

~ 3 [usu(2 71T = 111 =111
+suu(2 17T =TI = 111) +uus(2 711 = 14T = 1171)]

1
= 3\—@ 2u
+ 25(L)u(T)u(r) = s(Mu(l)u(r) —s(Mu(T)u(l)
+ 2u(T)u(T)s(l) —u(T)u(l)s(1) — u(l)u(T)S(T)}-

>
N—
|
NI—

>

w\%

(111 — 11])—=(2uds — 2dus + usd — sud — dsu + sdu)

7 f
T(lu—uT)\/»(Zsud 2sdu + dus — dsu — uds + usd)
7
1
63 (uds(2 711 =2 17 — 1T =404+ T =)
+dus(=2 710 +2 170 + 1] == 111 +41)
Fusd(TLL A+ A= LT +2 100 =2 [11)
+sud(— 43+ LTL +2 110 =2 LIT +H41= LIT)
Fdsu(— TLL A0 A0+ LU =271 +2 L1T)
+sdu(4t— 110 =2 170 +2 LI =340+ [1T)]

1
W {uds(TL] — |T1) +dus(IT] — T11) +usd(TLL — L17)
+osud(IT] = LUT) +dsu(LlT = T1L) +sdu(lLT — [T1)}

(Tll—llT)\/»(Zusd 2dsu + uds — sdu — dus + sud)
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1
= m u
+u(T)s(1)d(l) — u(
+d()s(L)u(T) —d(T)s(L)u(l) +s(L)d(L)u(T) - S(l)d(T)u(l)]

Problem 5.18

For notational simplicity, use ¥;; = —;; for the spin-1/2 functions (Egs. 5.51,
552, and 5.53) and ¢;; = —¢;; for the octet flavor states (pp. 185-186). The
following structure is antisymmetric, as you can easily check:

= Al (P31 + P32) + P23 (P12 + P13) + Y31(5) (P23 + ¢21)]

Problem 5.19

(a) First construct the wave functions, using Eq. 5.62 (with 5.51, 5.52, and 5.53
for spin and the figures on pp. 185-186 for flavor):

pe 3= 22001 = 111 (= )

21T = TUT) (wted — ) + 3 (111~ 117) (s — )

31[ [udu(2 111 — |11 — 111) + perms]
= 3\15 Ru(T)d(L)u(T) —u(L)d(T)u(T) —u(1)d(T)u(l) + perms].

n: 3 3) :? %(m—m)(udd—du@

S (L = TU1)(dud — ddu) + 2 (111 — L1T) (udd — ddu)

1

T 3V2
1

~35

[udd(=2 7T+ T1T + 111) + perms]

[=2u(D)d()d(1) +u(T)d(D)d(T) +u(1)d(T)d(l) + perms].



e T —

(L = TUT)(ums — wsu) + 5 (110 — 1TT)(uus —suu)}

3\1@ usi(2 111 — 111 — 111) + perms|
— = 2u(D)s(Du(1) ~ u(s(Du(1) = (s 1) + perms.
=7 5 3) =§ S(TLT = L171)(dsd — sdd)
+ (1T = 111)(dds = dsd) + 5111~ 111) (dds — sd)

= 575 1@ 11T = 11T = 111) + perms

— = 2ANs(DA() ~ d(Ds(DA(T) ~ d(1)s(1d(]) + perm].
20 1) = 2 2001 = 111) (uss — sus)
(T = TUT)(sms — ss) + 2 (111 — 117) (uss — ssu)
= L fuss(=2 1T+ 11T+ 111) + perms]
— 1= 2u(Ds(Ds(1) + u(D)s()s(1) + u(D)s(D)s(1) + perms].
B 59) = % S(1LT = L11)(dss — sds)
%(m ~ U1 (sds — ssd) + 2 (111~ 111)(dss — ssd)

3\f [dss(=2 |17 + 111 + T11) 4 perms]

= 3\1@ [=2d(1)s(1)s(T) +d(1)s(1)s(T) +d(1)s(T)s(]) + perms].

In each of these cases “perm* stands for three permutations (two in addition
to the one listed), in which the odd quark occupies the first, second, or third
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position; >0 and A are a little trickier, because they involve all three quarks,

and there are six permutations:

) = ﬁ I(TlT — 111) (usd — sud + dsu — sdu)

(111 = 117)(dus — dsu + uds — usd)

0.1
DR

N—

+27

+ F(TTl — 117)(uds — sdu + dus — sud)

= 2 [usd(2 111 = 111 = 111) + (6 perms)]
= 2 u(Ds(DA(T) = u(Ds(A(T) = u(Ds(1)d(1) + (6 perms)].

6
A LDy = \36 \[(T“ — 111)(2uds — 2dus + usd — sud — dsu + sdu)
+ 2\—[(TH — 111)(2sud — 2sdu + dus — dsu — uds + usd)
+ m(TTl — 111)(Qusd — 2dsu + uds — sdu — dus + sud)
= 5 Buds(111 = L11) + (6 perms)
= 5oz W(DA()s(1) = a()d(1)s(1) + (6 perms)].

Now use Eq. 5.67 to determine the magnetic moment of the proton, as in

Example 5.3:



o) = Sosu(d()u(1)
Y (uSiola) = 575 (s — ey iy ) 1ah = 5575 2o = o)
o = 2 (0 iz a) = & (2~ pa)

b) = Ssu(ld(Du()
2@£@ww—;g(—m§+wi+m§)w— ~5305tlt
Hy = ﬁ (b Y (niSiz) 1%.“0]?

) = 3}u<><w

Y (Si)le) = —= (gt — ) 16) = 2L uale)
1“1z 3\/§ uz 2 1/[2 23\/§

2 (el Y uSia)le) = gha

The total is the sum (times three for the three permutations):

2
ﬂ—3(Vﬂ+l‘b+P‘c)—3{ (2 = Vd)"‘wﬂd} =| 3 (4 — pa) |

Comparing the wave functions, we see that no new calculation is required
forn, &+, 7, 20, and = (for some of them there is an overall minus sign in
the wave function, but this squares out; sometimes the permutation listed is
different, but this doesn’t affect the answer).

n: (sameasp, only withu <> d): p=|%(4pus— ) |-

(4pu — pis) |-

W=

YT : (sameas p, only withd —s): u=

(4pa — ps) |-

W=

Y" : (sameasn, onlywithu —s): pu=

o

(sameasn, only withd — s) 1 =|3(4ps — pu) |-

[z

0, only withu —d): p=|1(4us —pa) |

[1]

(same as &
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As for X0,
2y = Ju(Ns(DA(1)

1 h h h hl
Y (pSiola) = 5 (1 — s + iy ) 1ad = 5300 — s+ )l

o iz ) = = s+ pa)

Ha =
o) = Zru(l)s(Dd(1)
(sl = (- mhwshw ) 10y = =5 g ot ol
b|2ﬂz iz)|b) = ( P+ s + Ha);
o) = %umsmdu)

-1 h h h hl
L (Siole) = 5 (o + g g ) 16) = =55 -+ s = )l
2 1
= 5 (el L (miSiz)le) = 3¢ (pu+ s = a)-
The total is the sum (times six for the six permutations):

o= 6(a+ pp + pie)
— 6 | &t — s+ 1a) o (— i s+ ) + e (it + s — )
= 9 Wy — Us T Hg 36 Wy + Hs T Hg 36 Wy + Us — Hg

= | 32y +2pq — ps |-

Finally, for A,
a) = ——u(Nd(1)s(1)
=
Y(usilo) = 5~ (uﬁ g+ e ) o) = 5L = e )l
Ha ﬁ aly (uiSiz)la) (u_ﬂd‘f'l/‘S);
—1
) = Su(La(n)s(1)

Z(Visiz)|b> = 2\} <_ uiz +ﬂd7§ +P‘sz> b) = sz( P+ Ha + ps) D)

b|2 1iSiz)|b) = ( Hu + pa + ps)-



The total is the sum (times six for the six permutations):

po=6(pa+
1 1
=6 ﬁ(ﬂu*Vd+ﬂ5)+ﬁ(*ﬂu+ﬂd+ﬂ5)
(b) In units of the nuclear magneton, ef1/2mc,
_2mp N
"3y M T3y BT T 3,

(Eq. 5.66), so, using
my = my =336, ms =538, ,andm, =938,

the magnetic moments should be

sl G () ] =i ==l

" 1'4< 1)’“17_(2)"%':_(2)% _<2>938: 1
3 3/ my 3/ my 3/ my 3/ 336

()2 ()R-

202 (2] () -

“SEOR- (DR (-3 E-
2_9;8 ?>§6+E1$8>:081

= R E ()] () -

2B ()R] (- 3) -

=R ()23 ()-8
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Problem 5.20

Following Problem 5.19, but with the wave function from Problem 5.18:

lp:33) = g (11T = 111 (duu — uud + udu — uud)
+ (11 = 111 (udu — duu + uud — duu)
— (170 = 111 (uud — udu + duu — udu)]
= ? [duw(TLT — [TT =2 1TL +2 71T + 11T — 11]) + perms]
= 2 Ad(u(u(T) — d(Hu(1)u(l) + perms].
n: 34y = ? [(T1T = 117)(ddu — udd + ddu — dud)

+ (111 = 111 (udd — dud + udd — ddu)
— (111 = 117)(dud — ddu + dud — udd))

= 2 udd(— 111 + 111 42110 2147 = 111 4+ T11) + perm]

= ;A [u(1)d(1)d(1) —u(1)d(1)d(T) + perms].

For the proton,

@) = 22 a(1yu(Lyu()
Y (siola =25 (o~ oy + iy ) ) = 5 5 el
2
o= 3l Z(usile) = (5)

3A h h h
Yo )I0) = =5 (1 + iy =y ) 16D = =5 5 ale)

2
=3 01 LSl = (5) e

The total is the sum (times three for the three permutations):

3A\2
tp =3(pa+up) =6 (2) Ha

(negative, since y; is). Comparing the wave functions, the neutron calculation
is identical (except for an overall minus sign, which squares away), only with
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u < d.So

Evidently

V”:W:(bw>/«Jm>:_jW:_z
Hp Ha 3my 3my my
(assuming, in the final step, that m,, ~ m,, in the spirit of Eq. 5.68). No: this is
totally inconsistent with the experimental value (-0.68).

Problem 5.21

The flavor states are p™ = —ud, p~ = dii (Eq. 5.38), and the m; = 1 spin state
is 77 (Eq. 4.15), so

" :11) = —u(1)d(1), o~ :11) =d(T)a(1).

Following the method of Section 5.6.2 (Eq. 5.67), and noting that in this case
S; = h/2 for both quarks:

2
pm = 7 (M1|(p1S1z + 42522) M 1) = (M1 (i + p2) M 1)

Thus

Pt = (Hu— ), Mo~ = (Ha — Pu) = —Hpr ¥
(tne magnetic moment of an antiquark is opposite to that of the quark). Now,
to the extent that m, = my, Eq. 5.66 says py, = =24, 80 ppr = —2pg — g =
—3p4. Meanwhile, for the proton (Example 5.3)

o = 5 (4ptu — pa) = 5 (=8pg — pg) = —3pa = pipr. v

Problem 5.22

In this case m; = my = mg, mz = my, so

S-S S1+S5,)-S
12+(1 2) - Su

M =2mg +my, + A’ 5
myg Mmsimny,

Now ] =S5;+S,+S,,so

J2=(S1+S2)* +2(S1+S2) - Su + 52,
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but J? = Sﬁ = (3/ 4)?12 (since both the quark and the & have spin-1/2), so
(S14+82)-Su=—3(S1+ S2).

The flavor wave function is symmetric in 1 «+ 2, so the spin function must
also be symmetric—the two s quarks are in the triplet (spin 1) state:

(S1+8)2 =212, (S1+8,):S, = I, 8-S, = 1n2

2 2 2
K h 1_ml,+2ms—|—ZA/(1 4 )

M =2ms+m, + A’ 5 — 5 —
4ms  mgmy ms My

This confirms Eq. 5.83. Numerically, using m, = 363, ms = 538, A’ =
50(2m,, /h)?:

B [ 1 4 B .
M = 2(538) + 363 + 50(363) {(538)2 (538)(363)} — 1327 Mev /2 |.

(The observed value is 1315.)

Problem 5.23

For hydrogen (Problem 5.2)

1
Tad’

e = [igo(0))F =

1
lplOO - m

For positronium the Bohr radius is doubled (Eq. 5.28): |100(0)|> = 1/[7t(2a)3].
Now a = h*/me? (Eq.5.13)and a = % /he (Eq. 5.11), so a = fi/amc, and hence

100(0)]* = 1 (%)3

7T
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The Feynman Calculus

Problem 6.1

Number there at time t: N(t) = Npe~'*.
Number still there at time ¢ + dt:

N(t+ dt) = Noe T+ = NpeTte T = Npe T (1 — T dt).
Number that decay between t and ¢ + dt:
N(t) = N(t +dt) = Noe (1 — 14 Tdt) = Noe MT dt.

Fraction that decay between t and t +dt: Te T'dt.
Probability that an individual selected at random from the initial sample will
decay between t and ¢ + dt:

p(t)dt = Te Mdt.

Mean lifetime:

00 0 1 1
_ _ Tt g, _ _|1
T—/O tp(t)dt—F/O te dt—F<r2> ik

[Note the distinction between the probability that a given particle will decay
in the next instant d¢ (which is I'dt) and the probability that an individual
in the initial sample will decay between t and t + dt (which is Te~T!dt); the
difference is that in the latter case there are fewer and fewer around to decay
(hence the factor e~ 1%).]

Problem 6.2

1
N(tl/Z) = EN() = Z\]()Eirfl/2 = Ertl/z =2= Ftl/Z =In2= tl/Z =71In2.
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Problem 6.3

@ N = 106e—(22x107°)/(22x107%) _ 106,-10 — (4.58 « 1075) % 106 =
(approximately).

(b)
o~ 1/(26x107%) _ ,—3.85x107 _ (1010g108)(—3-85><107) _ (100.434)(—3-85xl07)
= 10~ L67x107 (pretty small!)
Problem 6.4

o

Y

Use polar coordinates (7, ¢): v =77+ r¢d 43

Energy is conserved:

E= %mvz +V(r) = %m(fz +r2¢%) + V(r).

Angular momentum is conserved:
B T S S Ry
L=rxmv=mr?x (it+rPpp) =mr ¢(?x¢)=mr ¢z, or L =mr¢.

In the distant past, E = %mv% and L = bmuvg, so L = bm+/2E/m. So
conservation of angular momentum says

L bmy2E/m b [2E

T T A T
and conservation of energy becomes
E=lm g 1mr2b—2§ +V(r) = Loni? 4 £ +V(r), or
2 27t m 2 r2 ’



fzzz[E—Ergz—V(r)].

m

However we’re not interested in r as a function of ¢, but rather r as a function

of ¢:
_dr _drd¢ dr . drb

Tt agar  dg? T dgr
It pays to change variables, letting u = 1/7, so that
dr  drdu 1 du

dp —dudp — u2dg’
dub / [2E du
= d¢r2 —b md¢>' Thus
p2E dg L2 P VY (a1 1V
m N r2 E dp) b2 r2  b2E’ o

1% bdu
,/ 1—-b%u? — —; = d¢.
E 1-b?u2—-V/E ?

Integrate in from distant past (q‘) = 0,7 = c0o = u = 0) to point of closest
approach (¢ = ¢m, ¥ = min = U = Umax, the point at which du/d¢ = 0,
which is to say, where the radical goes to zero):

"Um
¢m =" A = b;:; - ; then (see diagram).

k

(@) So far, this is true for any potential. Now we putin V(r) = 2= ku? :

p _b/”m du _ b /
"o \/1_b2u2_%u2 V2 +k/E Jo

1 _
wik/E M

_ 1 /”m du
/1+ﬁ 0 \/u%q—uZ/

2 1
where 1z, = PIr/E"
Pm = L sin~! ( 1 ) " sin™
= ———— il
/ u / /
1+ b2E moo bZE
1
9:7‘[—2¢m=7(—7(7: m|1l-— ik/lﬂE)
V 1+ bZE
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(b) According to Eq. 6.10, dg ‘ b_db

) — ‘ In this case,

sin @ d6é
o 1 1 k 2 ke (5 kN2
—_—_— =l — _—— = —— b + —
db 21+ (k/b2E)]3/2 \ E b3 E E

d b E K\ 32
c_2 £ (b2+> . But we want it in terms of 6 :

dQ ~ sinfkm E
(RS 77 R e
7T
2

:>b2kE:( 16)21:1_21+2§)2_;i2:9((§n9)92)

T T
szz (”—9)2, bzzk (m—6)?
k 62t —0)’ E0(2mw —6)

dr v E (1+k>3/2_ 1 K (m-0)* E( u )3
b

T dQ T sinfkn 2E) T sin@E202(2m—0)2km \ 0

do 7k (m-9)
dQ  sin® E 62(2r — 0)2

(o)

do 2k 1 (r—0) .
7= Edﬂ " E J sing02(2m —0)? (sin d6 dp)

23k (7 (m—6) -
“E o 92(2n—9)2d9_

Problem 6.5

mic = \/rz + m3c2 + \/r2 + m3c2. Square:

mic® = 1* + mic® + r* + m3c* + 2\/;’2 + m3c2 \/rz + m3c2

2
%(m% —m3 —m3) —1* = \/rz + m3c2\/r2 +m3c2.  Square again:

4
c
7 (md =3 —m3)? =2 (i — i3 — m3) 7 = A+ 23 (3 4 mi3) + i3t

c
— [(m% —m3 —m3)? — 4m%m§} = 12 (m3 4+ mi +m3 —m3 —m3) = r*mic?



2
c
2 = 4— [m‘l1 + m5 -+ mi — 2mim3 — 2m3m3 4 2mim3 — 4m%m§}

c
_ 4 4 4 _5.2.2 n.2.2 5 2 2
r—2 l\/m1+m2+m3 2m1m2 2m1m3 2m2m3 v

Problem 6.6

Plug M = amyc into Eq. 6.35, with § = 1/2:
aZc

I = |p| ( n)2:

= A C .
167thm>.c 167th i

But Ey = 3mzc® = |py| = E,/c = dmzc.  So T = a’myc?/32mh.
1 32mh 327(6.58 x 10722)(137)? _
= — = — — .2 1 —18 .
T a2 2 135 9-2x 10" s

The experimental value is 8.4 x 107! s, so this estimate is off by a factor of 10.

Problem 6.7

E E
(a) In the CM frame, p, = —p1,50 p1 = (Cl,p1>, p2 = (cz' —p1>.

Ei E; E1E,
p1-p2= **—Pl (—p1) = 2

+p1

4 1 c

E2 (E3+E3)
2 2
2 p 1 - +P€

1 1
= EP%(E% +E3 +2E1E) = C*gP%(E1 + Ep)2.



84

6 The Feynman Calculus

LV (p1 - p2)? = (mympc?)? = *|P1|(E1 + Ep).

(b) In the lab frame, p; = <E(;l,p1>, p2 = (myc,0),s0 p1 - p2 = Eym.

L (p1p2)® = (mimpc®)? = Efmd — mimict = m3(Ef — mict) = m5(pic?).

g \/(Pl - p2)? — (mymyc?)? = |py|mac.

Problem 6.8

Start with Eq. 6.47:

do <hc>2 SIM2  |pyl
A \87) (E1+Ep)? |pil
This is for the CM frame, but here the target particle is so heavy that it barely

moves, and hence the lab and the CM are effectively the same. Particle 1

bounces off particle 2; its energy is unchanged, and hence so too is the mag-

nitude of its momentum: |ps| = |p;|, and (E; + E2) = (E; + myc?) ~ myc?,

S0
do [ (re\* IMP
dQ |\ 871 /) (myc?)2

(S =1, since 1 and 2 are different particles).

Problem 6.9
Using the result of Problem 6.7 (b) in Eq. 6.38:

n2s 1\2 » (E1+E
d0—4|pl|m2c(4n> /|M| 5(C—P3|—P4|>

d°ps dpy

PR R R T

Here p, = 0 and E; = myc?. Doing the p4 integral:

d3
2 P3
) + moc — B 4 E—
647T2|p1|mzc/| | ( 26~ [pal =l p3|) Ip3llp1 — p3l
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Now d°ps = [ps|* d|ps| dO, and (p1 — p3)* = |p1|* + |ps|* — 2[pal[ps| cos 6
(where 6 is the scattering angle for partlcle 3). So

d‘T:th/m 2 [ps|” d|ps|

dQ  6472|py|mac Jo Ip3l/Ip1l? + |psl? — 2|p1||p3| cos @

6 (52 mac — lpal = /Ipal + Ipalt ~ 2lpalpa]coso

Let z = [ps| + /[p1]> + [ps[?> — 2|p1||ps| cos6; then

dz 1 1 2|ps| — 2|p1]| cos 6
d|ps| 2 \/Ip1/® + [p3[?> — 2|p1||ps| cos 0
_ VIp1l> + Ips|* — 2|p1||ps| cos € + [ps| — |p1|cos b

VIp1% + [ps]> — 2[p1||ps| cos 6
z — |p1| cos @

VP12 + [ps> — 2[p1l[ps[cos 6’
d|ps| _ dz

= . Therefore:
VIp1l? + |p3? — 2|p1]|ps|cos6  z— [p1]cos®
do |ps| dz Ey
av_ __lpsldz B
dQ 647T2|P1|m20 /| (z — |p1| cos ) c Fmac =z

[Here |p3| is a function of z.]

— s ‘M‘Z ‘P3|
64702 |1 |mac %+m207 |p1|cos 6

E
[Here |p3| is the value when z = Tl + myc.]

_ (h)z S|M P2 ps|
87t ) ma|p1|(E1 + mac? — |pi1fccos)




86 | 6 The Feynman Calculus

Problem 6.10

(a) Insert the result from Problem 6.7(b) into Eq. 6.38 (and note that p, = 0):

%S )
a0 = o e | IMPS (o pa = pa =)

dp3 d°py
\/p —i—mlcz\/p + m3c?

h 2 2 E1+E2 2 2
(&%) |p1|cmz/* (P VbR )

d°ps d°py
\/p3 +m cz\/p4 + m2c2

Doing the py integral, and setting d°p3 = |p3|? d|p3| dQx:
do r\? S )
it = (5x) i /1
) (% + mye — \/pé + m3c2 — \/(pl —p3)?+ m%cz>
VPZ+ 13 \/(p1 — pa)? + m3e2

x 8% (p1—p3 —

X |p3|*dps.

Now

(p1—p3)> =pi+P3—2p1-P3 = pi + P35 — 2|p1| |ps| cos b,

where 0 is the scattering angle. Let r = |p3/, for simplicity:

dr _ (1 ZS/MZ
daQ  \8m/) |pi|lemz
5(% —|—mzc—\/r2+m%02—\/r2—2r\p1|c059+p%+m%c2>

\/r2 + m3c2 \/r2 — 2r|p1| cos 0 + p? + m3c?

X rodr.

Let z = \/r2 + m3c? + \/rz — 2r|p1| cos 0 + p? + m3c2. Then

dz r r— |p1|cos®

= +
dr \/r2+m%c2 \/r2—2r|p1|c059+p%+m§C2

B rz — |p1| cos 04/r% + m3c?

\/rz + m3c? \/rZ — 2r|p1| cos 0 + p? + m3c?

de (BN S [ 5 (% +mc—z)
o <87r> |P1‘Cm2/| " ’rz—|p1|c059\/m’
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(here r is a function, implicitly, of z)

R &
dQ 87/ |p1lem; ’r(El/c+m2c)f|p1|c0591/r2+m%c2’

(now r is the value of |p3| dictated by conservation of energy and momentum,
SO \/r2 + m3c2 = \/p§ + m3c2 = E3/c).

do <h>2 S|IM|? P3

dQ | \87) |p1lma |(E1+ mac?)|ps| — Eslpi|cosf] |

Note that E3 and p3 are functions of § (for a given incident energy E;). The final
result can be written in a number of different (equivalent) ways; perhaps the
tidiest is

do (h >25|M|2 [ps|°

a0 - 81 lp1|m2 |E1E3m2 — E4m%C2’ ’

(b) In this case |p1| = E1/cand |p3| = E3/c, so

do (1 2 5| M|%c E3/c?

aQ  \8m Eymy |(Ey+ mac?)Es/c — (E1/c)E3cosf)
(P SIMP E
\ 87 Eymy |Ey + myc? — Eycosf|

Now
prtp2=p3+ps=p1—pP3=ps—p2

Pi+P3—2p1 ps=pitpi—2p2 pa= p1ops=p2-pa—mic’
E{E E-E
2723_|P1||P3|C056: %_pZ'PAL—m%Cz:mZEzl—m%CZ

E1E3(1 —cos8) = myc®(Ey — mac?) = myc?(Ey + Ey — E3 — mpc?)
= (El - Eg)MZCz

1 B
Ei+ moc? — Eqcosé N E1m2c2'

2 2 EZ 2
do _(BNTSIME_E g e (B ),
aQ 87 Eymy Eqmoc? 8mtmyEqc

E3 |:E1(1 — COS 9) + m2c2} = Elmzcz,

Problem 6.11

(a) [See (b).]
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(b) Allowed if (and only if) n4, np, and n¢ are either all even or all odd.

Proof: (necessary) Take the allowed diagram and snip every internal

line. We now have n’; = nj = n = N "external’ lines, where N is
the number of vertices. When we now reconnect the internal lines,
each join removes two “external’ lines of one species. Thus when
they’re all back together we have ng = N —2I4, np = N — 2I5,
and nc = N — 2I¢, where 14 is the number of internal A lines, and
so on. Clearly, they’re all even, or all odd, depending on the num-
ber of vertices.
(sufficient) Given ny4, np, and nc, pick the largest of them (say, n4)
and draw that number of vertices, with A, B, C as "external’ lines
on each one. Now just connect up B lines in pairs (converting two
‘external” lines into one internal line, each time you do so), until
you're down to np — as long as n4 and np are either both even or
both odd, you will obviously be able to do so. Now do the same for
nc. We have constructed a diagram, then, with n4 external A lines,
np external B lines, and n¢ external C lines.

(c) In view of (b) we'll need either 3 B’s and one C or 3 C’s and one B:

|[A—B+B+B+C orA—B+C+C+C.

Problem 6.12

(a) Start with the four vertices:
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An external A will attach to each of these (with 4-momentum labeled by the
number of the vertex). The B from vertex 1 could connect to vertex 2 (in which
case the C line goes to 3 or 4), or to 3 (in which case the C line goes to 2 or 4),
or to 4 (in which case the C line goes to 1 or 2). So there are six diagrams in all:

A A AL o A A A
c B
B B B B C C
c B
D A A (% A ® A
c A A g A AL b A
B X B c c cXc

(b) Let’s start with diagram 2:

q, A
NB 4
C
QT B B lq3

P C
T N\
A 4 A

//// » i i i i (270)"
9 — m3c? q3 — m2c? g3 — m3c? g5 — mic?
x 84 (p1 + q4 — 111)(27'5)454(172 +q1 — 02)(27)*6% (92 — 43 — p3)

44 44 J4 a*
454 L 242 %45 294
X (271)%6%(93 — pa — q4) (2m)4 2m)* 2n)* (2nm)*

_q //// 8*(p1 + 44 —511)54(P2+Q1 72)0*(92 — 43 — p3)
9395 93

, OHas - i 94) ,

d*q d*qo d*qs d*qs
‘14

Do the g4 integral (= g4 = g1 — p1) and the g3 integral (= g3 = g2 — p3):

//54P2+41 72)6*(q2 — p3 — pa — q1 + p1)

d*qy d*qa
93 95 (q2 — p3)*(q1 — p1)?
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Do the g7 integral (= g2 = p2 + q1), and drop the subscript on 4;:

_ 4/ Mpatg—ps—pa—gtp)
q*(p2 +q)*(p2 +4q —p3)?(q — p1)?

Cancel (271)*6*(p1 + pa — p3 — ps), and multiply by i:

. 8 4 1
M= <2n) /qz(q+pz)2(q+P2—P3)2(q—P1)2

The diagram 5 is the same, only with m¢c < mp. Since, however, we as-
sumed mc = mp = 0, the amplitude is identical to diagram 2. For diagram 1
(and hence also 3) we switch p3 < py:

(8 4 1
M*l<2n) /qz(q+pz)2(q+pz—P4)2(4—P1)2

for diagrams 4 and 6 we switch py < ps:

. 8 4 1
M= (2n) /qz(q+p3)2(q+P3—P2)2(‘7—Pl)z

Thus the full amplitude is

dq.

d4q;

dq.

' 4 1 1
M=2(E) [mr s e

1 1
+ + dq.
(74 p2)*(q+ p2 — pa)? (q+p3)2(q+m—pz)2} 1

(There are other ways of writing this, of course, which amount to redefining
the integration variable g.)

Problem 6.13
With mc = 0, Eq. 6.55 becomes

e 1 1
M=3g {(P4—P2)2+(P3—P2)2}

With mg =0,

(pa—p2)* = pi+p3 —2pa- po = mpc* +m5c> — 2py - po = myc* —2py - pa

(p3—p2)> = P35+ p3 — 2p3 - p2 = mpc* + mic> — 2p3 - pa = m5c* — 2p3 - pa.
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Now E; = E; and E3 = E4, so conservation of energy (E; + E; = E3 + E4)
says Ey = Ep = E3 = E4 = E. Thus:

_(E_N. . _(E_ N ,._(E..\. ,,—(E_
Pl* C/pl ’ PZ* CI Pl ’ P3* C1P3 ’ P4* CI P3 ’

SO pp-ps=E?/c*—p1-p3; p2-p3=E2/+p1 ps

M =g ! + !
m3c2 —2E2/c+2py-ps  m%c* —2E2/c2 —2p; - p3

_ l 2 (m%c? —2E2/c?) ]
§ (m?c? — 2E2/c2) —4(p1 - p3)?

Now p1 - p3 = |p1l|p3| cos 0 (Fig. 6.10), and

E? E E
pi= 5 —mich, pi= 5 —mpc =
o (p1-p3)® = (E2/c* — m2c?) (E?/c?) cos? 6.
M :2g2 ( 2 2_2E2/CZ)
(m?c? — 2E2/c2) 4(E2/c?) (E?/c% — m?c?) cos? 6

2 2
According to Eq. 6.47, do (hc) (S|'M| |pf|. Here 5§ =1/2,

a0 8 Eq +E2)2 ‘pz‘
(Ey + Ep)? = 4E2, lpsl = E/c, |pil = \/E?/c*— m%c?  so
o _ (g2h6>21 E/c
dQ 87t 2E /EZ/CZ mACZ

(m E‘cz — 2E2/c2)2

X
{(m 2 — 2E2/c2) —4(E2/c?) (E*/c? — 7711402)(?0529}2

B <hg263>2 1 (m3c* - 2E2)
87 ) 2B\ /B2 —m2ct | (2 et —2E2)* — 4F2 (Ez—mi‘c‘L)cosZQr

The total cross-section is

sin 0 d6
o= / —dQ = / sinf df d¢p = 27'[A/ (@ —bcos20)2’ where
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2.3\ 2 5
A= <hg ¢ > ! (mgqc4 —2E2> ;
2E

87 \/ E2 — m?ct

a=(miet - 2E2)2; b=4E2 (B2 —miet) .

/”M_/l _dx (letting x = cos )
0 (a—bcos?0)2 /-1 (a—0bx?)? o

_1 1 _|_1tnh—1\/3
Cala-b \/,Tba al’

a—b=(mac®)* —4E(mac?)? +4E* — 4E%(E? — m%c*) = (mac?)?, so

Here

o= (2nm) (hg263>2 ! !
870 ) 2E, /2 — mct | (Mac?)?

+ ! tanh —2E : - mic‘* }
(2E2 — m?,ct) 2 [E2 — m? ct (2E2 —mi;ct)

1 (hg23\? 1 2E,/E%2 — m? c*
Y ( 8 ) E? (E2 — m%c*) (mac?)*

ZE,/Eszqc‘l)]

4+ ————tanh!
(2E2 — m%c*) ( 2E2 —m%ct

Problem 6.14

Quoting Eq. 6.55, with mc = 0:

Lo,
(pa—p2)?  (p3—p2)?]

M =g



o 9
— @ AR
A A

Before

Here

E E ~ E A
m=<c,p), p2=(me,0), p3=2(1p3), ps=-2(1pa).

(p3—p2)* = P3+p3 —2p2- p3 = 0+ (mc)* — 2mE;,
(pa—p2)* = pi+p5 —2p2- pa = 0+ (mc)* — 2mE,
= (p1—p3)> = p5+Pi—2p1-p3

EE E
— 2 3 ks
= 0+ (mc)” —2 <c2 — C|p|cos€>
So £
3
E4 == w (E - |p|CC059)

But the incident proton is nonrelativistic, so E ~ mc? > |p|c, and hence E ~
EE3/mc? ~ E3. Meanwhile, conservation of energy says E + mc? = E3+ E4 ~
2Es, so E3 ~ E; ~ mc?, and therefore

(P4 = p2)® = mc* = 2(me)? = —(me)* = (ps — p2)?

1 1 2
— 2| _ — 2(L
M=g [ (mc)2 (mc)z} z(mc) '
Using the result of Problem 6.9:

do (1) 5[ M [ps| where [ps| = B2
dQ  \8m/) m|p|[E+ mc? —|p|ccosd) P3l =

Ll me NE. ng?\* 1
T 2\87) mlp|(2mc) \mc) — \ 87 ) |p|(mc)>

But |p| &~ mv, so, in the nonrelativistic limit,

o= () ()] oo (225) ()

~ mc

93
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Problem 6.15

()

Diagram 1:
[ i = )4 (1 — pa = ) 2084 + 2 — o) i
g% — m2c? (27r)%
= ~ig" @m)*ot (pr+p2—ps—pa), Mi= &
(p1 — pa)? — mZc? ’ (p1 — pa)? — mic?
Diagram 2:
[ (8P s )8 (o1 + 2 — ) 276 o — )
7% — m2.c? (2m)4
= ~ig" @'t (pr+p2—ps—pa), Ma= & :
(p1 + p2)? — mgc? , (p1+ p2)? — mgc?
1 1
M= M+ My =|g? +
SR [(Pl —pa)? —mgc? - (p1+p2)?— m%tczl
(b)
A
Py
pl p2 7z 6
A—p 06 44— B P4 /,G -------
Before B/ After
E E_ _(E E_
p1 = C/P1 ;o P2= c’ P1), P3= Crp3 ;o Pa= c’ pP3
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p1—ps=(0,p1+p3), so

= —(p1+p3)* = —(pi+p3+2p1p3)
= —(2p7 +2|p1||p1| cos ) = —4p7 cos®6/2.

2 2 1
M=3 G- a5
4 \E* picos?6/2

(p1— pa)?

dr_(he\? IMP fpa
~(5) Gepl Iesl=leil

2
(R (g (21
- \8m) (2E)2 \ 4 E2  p?cos?6/2
But p?=E?/c* —mic?, so
e___ 1 \_a_ c
E?  p?cos?0/2) E? (E2—m2c*)cos?6/2
_ 2 [(E? — m*c*) cos® /2 — E?] 5 [E? (cos?6/2 — 1) — m?c* cos® /2]
B E2(E? — m2c*) cos?6/2 E2(E? — m?c*) cos?6/2
’ (E2 tan?0/2 + mzc4)

, (E?sin?0/2 + m?c* cos? 0/2)
= —c
E2(E2 — m2c*) cos? /2 E2(E2 — m2c*)

2
do {gzhcs (E2 tan® § + m2c4> }

64 E3(E2 — m2c*)

(c)

P Py
A———p-0
Before
2
dor _ h |M|?
dQ) 8mtmpce
E
Pl - ;/pl 7 PZ = (mBCIO)
E From these, we get:
ps =\ /P3|, Pa= (I’YZBC,O)
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E E
(p1—ps) = (C - ch,pl) i (mt+pa)= (C +ch,p1) :

E
e N
E ’ E 2.2 2 2~ 22
(C—ch) —<C2—mAC)—mc _mBC
E 2
(p1+ p2)? —mic® = (c +ch> —pt —mic?
E ? E 2 2 2 2 2 2
:(c+mBC> (szAC)ch = mpc

(d)
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Quantum Electrodynamics

Problem 7.1

From Eq. 3.8,

N
~
N

=X
!
x3 X3

Lowering a spatial index costs a minus sign, so
xg = 7(x0 + px1)
—x) = (=% — Bxo) = x1 = (%1 + Bxo)
Xy = X2
X3 = X3.
These are the transformation rules for covariant 4-vectors. Now

a9 9 o' ax'
(Oug) = T 9?9 W(au@,

but the inverse Lorentz transformations (Eq. 3.3) say

K0 = ')/(x0/+[3x1/)
Xl = 'y(x1/+ﬁx0/)

2 = 52
3 = x3/,
from which it follows that
9x? 0x0 ox! ox! ox? ox3
A A~ A A - A R

97
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and all the rest are zero. Accordingly,

009 = (909) 25 + @19) 25 = (@0 + Bl@r9)]
010 = @0p) 22+ 0u0) 25, = 7 (@n9) + Blaog)]
(020 = (020) 25, = (029)
(059 = (059) 2, = 3s0),

s0 dy,¢ transforms as a covariant 4-vector (justifying the placement of the in-
dex).

Problem 7.2

o in_ (1 0 0 o
{7’7}_(0—1 o0

' o
0
P 0 o 0 o ol 0 o
Lol — . . . .
by (—ol 0) (—UJ O) (—(ﬂ O) (—01 0)
_(—=dd 0 L —dlat 0 (=, d} 0
N 0 —old 0 —ddo )~ 0 —{d,d})"

But {¢/,0/} = 26;j (Problem 4.20), so

Il
/
QUL o
o
~_

+
/
4 o
|
AN

I
o/
o o

o 10 .
{7} = —26; <0 1> = 2g".

Conclusion: {y#, 9"} =2¢" forall y,v. v




Problem 7.3

From Eq. 7.46,

1
. 0
(Dt,(1) _ n* cpz c(px—ipy) .
uWu® = N (1 0 (E+mc?) (E+mczy) ) N %
c(pxtipy)
(E+mc?)
2.2 2 ; ;
— NP c°pz c*(px — ipy) (px + ipy)
= IN] {1+0+ (E 4+ mc?)? (E 4+ mc?)?
N 2
T (E _||_ ,llcz)z {(E +mc?)? 4+ 2p2+ A (ph+ P;)}
N 2
T |+ rr|zc2)2 {(B+me)? +p?).

But ¢?p? = E2 — m?c* = (E — mc?)(E + mc?), so

2
uWty (1) — (E|—|I—\lch){E +mc® + E —mc*} =

2E|N|?
(E+mc?)’

2
Likewise, u(2t4(2) = (éi‘n]\ﬁ% (same calculation with last two terms switched).

From Eq. 7.43, this is equal to 2E /¢, so

2E|N|? 2F E +mc?
Eamad) ~ ¢ C|INI=y—7—|

Similarly, starting with Eq. 7.47,

sz
(E+mc?)
c(pxtipy)

o@ol® = NP2 (e A 1 ) | Tenet

‘N‘z 2 2 2)\2
__INP? 2 2 2E|INJ?
= Etmd) [E —mc*+E+mc*] = (E + md)

(and the same for v(l)). So the normalization constant is the same for all of
them.

99
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Problem 7.4
0
D+, — N2 (1 0 P C(pripy)) y
e = Ernet] (Ermet) ) | L)
cpz
© (E+mc?)
2 ; 2 ;
. 2 c“pz(px *Wy) ¢ pz(px *1Py) .
— IN| {0+0+ T Frmar [~ Y
Cpz
((E+mp2))
Dt (2) _ 2 (cpxtipy) _—cps Sh
v( : v( )= 7|N| ( (E+mczy) (E+mc?) 0 1) (EJFiﬂCZ)
0
2 ; 2 ;
e ) epe(pxtipy)  cCpz(px+ipy) _
— _|N| { (E o) Ermap F0+0=0 v
C(Px_ipy)
(Ej_C";CZ)
Mo = |NJ? (1 0 (E-?:’VZICZ) C((é’i;l?))) W
1
c(px — ipy) c(px — ipy) :
= NP { TR oo QR L = 26—y

NO: uM) and v(1) are not orthogonal.

Problem 7.5
In the nonrelativistic limit p = mvand E = mc?, so
cpz _ cmu; Uy c(px £ipy)  cm(vy £ivy)  (vx T ivy)
E+mc®  2mc2  2c’ E + mc? 2mc? 2c )

So uy is of order 1, but ug is of order v/c. v
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Problem 7.6

In this case px = py = 0,and cp; = c|p| = VE2 — m2c* = \/(E — mc?)(E + mc2).

1 (1) VE + mc2
0 VE + mc? 1 0

M _ VE+me _| L
W =N Ewd) Erme) | = (E-me?) | = p——
Em) ve Evmd) Ve | VE o me?
0 0

0
VE 4 mc?
0
—VE — mc?

42—

Sl-

0 0
o) VE +mc2 | =V (E-me)(E+me?) V _vEma

= (E+mc?) e
Ve 0
1 VE + mc?

a
(e

E — mc?

y__ 1 0
Ve | VE+mc?

0

ol

From Eq.7.51,

)
o oo R
co |l o
—_
o~ oo
oo o

SO

s — guu), 5.u® — _gu@), S0l — _gvml 5.0 = gva)_ v

NS

Eigenvalues are | 5, —%, —%, , respectively |.

Problem 7.7

Let u®) = au() + bu(®. This automatically satisfies the Dirac equation (7.49);
we need to pick the constants 2 and b such that u(*) is a (normalized) eigen-
state of the helicity operator:
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Now

P‘Z—<p.0’ 0 ), and p~¢7—<( Pz (Px—ipy)),

0 p-o pxtipy)  —p:
so
1 0
0 1
. 0
.Y u(ﬂ:) — (P U4 ) aN cpz +bN | clpr—ipy)
(p-Z) 0 p-o (E+mc?) (E+7mczy)
c(pxtipy) —cp:
(E+mc?) (E+mc2)
1 0
o) (o) o) ()
= N<a +b .
(p-0) ( p- ) (p:0) (Px —lpy)
E-+mc? px+ ipy E+mc? —p2
Pz px —ipy
Px +ipy —pz
= N<a ECPZZ +b 0 =:|:|p|u(i)
+mc cp2
0 E-+mc?
1 0
0 1
= x|p|[NSa| _<P=_ | +b| clpx—ipy)
| (E+me?) (E+mc2j)
c(pxtipy) =2
(E+mc?) (E+mc?)

Equating the top elements of the last two equations (you can check for yourself
that the other three components yield the same condition),

. Elp| -
ap; +b(px —ipy) = £|pla, or b= <|sz> a.
Px — 1Py
So
1 pz % |p|
£[p|—p- N (Ipl>~r2)
px—ip a px—1p
u®) = Na Lclp| = tclpl(pz=/p))
(E+mc?) Pz |P| (E+mc?)
clpl(lp|Fpz) *elpl(lpl2—p?)
(E+mc?) (px—ipy) (E+mc?)(px—ipy)
p= £ p|
px +1py u
= A | Zclpl(p£lpD) =A +clp| ’
(E+mc?) (E+mc2)u

Zc|p|(px+ipy)
(E+mc?)
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where
U= (PZ + P|>
px +ipy
and A = Na/(p: £ |p|) is determined by normalization:
2p2

BT @) _ 2 (+ =Eclp| u 2( 7p t )
u u = |A A u'u+ u
4] ( Ermezt ) (Ei"lfczu> Al (e 4—mc2)2

E% — m?ct , = |p|
9 BT —m"c* _ Pz p
= |A| <1+ (E+mc2 ) ((p==1pl) (px —ipy)) (Px+ipy>

= |AP <1+ ) (P2 2p:Ipl + P2+ P2+ 1})
(

| \2(E+mcz)z|p| plE 7).

Using the convention in Eq. 7.43, this is equal to 2E /¢, so

AP = (E + mc?)
2lple(lpl £p2)

Problem 7.8

(a) Equation 7.19 says /°p" — ¢ - p — mc = 0. Multiply from the left by ¢7°,
noting that (7%)? = 1

H=cp® = cy(v-p+me).
(b)
H,L] = Zeijk[Hr rjpk] _ ZeijkC'YO'Yl [pl,rj]pk _ Zeijkc,),O,Yl(—ih(sﬂ)pk
ik jkl jikd
= —ihc'yOZeijk'yjpk = *lTlC’YO(’Y X P)i

jk
[H,1] = —ihcy’(y x p).

(c) Noting that 7 commutes with I, we have

[H,5] = 2er®(y-pme), 5] = Y plla® 51l
]

G-
N (RIS
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[(T]',O'Z'] = —2i2€i]'k0'k, SO
k
i . 0 o .
[V, L] = =2} e <J Ok> = —2i7" Y e,
k k k
[H,8] = 5 3¢/ (=2iei)y*y" = —ihey (p x )
jk
[H,S] = ihcy°(7y x p).
Thus

[H,J] = [H/L] +[H,S] = —incy (7 x p) + ificy’ (v x p) =0,

and hence J is conserved (but not L or S).

(d)

52 _ ﬁzz _ Fi 0'2 0
4 4\0 %)

Buto? =02 +0%+02=1+1+1=3,50

s

4

(times the unit matrix, of course). But every spinor is an eigenstate of the
unit matrix (with eigenvalue 1), so every spinor is an eigenstate of S?, with
eigenvalue %FlZ. Evidently s = 1/2, so the Dirac equation describes particles
of spin 1/2 (no surprise for us, but it may have been for Dirac).

SZ

Problem 7.9
000 —i 00 01
.o .0 o, . 00i O 00 —-10
7" =1 =1 . =
-0y 0 0i0O0 0-1 00
—i00 0 10 00
1 c(px—ipy)
00 01 . (E%Czy)
iv*u N 0-10 0 ((E+mp2)) N (Egmc) o\,
Cprlp
10 00 (E+mc2y) 1
cpz
00 01 (1) ()
- c(px+ipy
iv?u®* =N 00 ~-10 cpstivy) | =N | (E+mczj) = o).
0-1 00 (E+mc) -1
10 00 — P

(E+mc?) 0
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Problem 7.10

Formally, change the sign of m (in Eq. 7.20), which changes the sign of m in
Eqgs. 7.23, 7.24, 7.27, 7.28 ({4 now represents antiparticles, and yp particles),
7.30,7.33, and 7.35. In Eq. 7.42 we now use the minus sign for (1) and (2), and
the plus sign for (3) and (4), but the results are the same from here on. The
point is that only the superficial notation is affected, not the physical content
of the theory.

Problem 7.11

Following the hint, the Dirac equation in the primed frame becomes

iho ( aa - ) 3, (S) — me(Sp) = 0.

Multiply on the left by S~

in (s ws) 9 — mey = 0.
The Dirac equation in the original frame is
ihyVoyp — meyp =0,

so solutions transform into solutions provided that
ox¥
-1 M ) = Y
(s71s) o= ="

Now, the inverse Lorentz transformations (Eq. 3.3) yield (Problem 7.1)

ox® ox? ox! oxt ox? 1 oxd 1
A A A T
and all the rest are zero. Evidently S must satisfy the following four condi-
tions:

(11" = (571°8) 7+ (S79"S) 1B = $7° = (1"S)v + (1'9)78,
@)7" = (571°8) 1B+ (S71'S) v = 591 = (1°S)1B+ (+'S),
(3)7* = (57'7%S) = 577 = 4%,

(4)7% = (s719%8) = 597 = 4%
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It remains to check that S = a + a_7%9! satisfies these four equations. First
note that 7Y and ¢! anticommute with 92 and 4>, and hence the product 1!

commutes with them. So (3) and (4) are satisfied. As for (1) and (2):

1y = a9’ a0y = a0 —a o,

Y =a 7" +a vy
rlyt =aiyl —ao”,

Syl =ay' +a vy
S =a:7"+a " =a P +a o,

Y'S=a v +a Y =ayt —a Ay =aqt +anl

So equation (1) requires

a7’ —a_y' = (a7’ +ay")y + (@' +a2")rB
= y(ar +pa—)7° +y(a— + par)y".

Now )
! 2_ 711 Vir=1o+1
= — = = = = ,
L p 2 p -
SO

vy +pa) = v [yior+ 1) - ¥ ”‘2““%/%—1)1

= i+ DO —r+1) =ay;
vao+ o) = 1 [—y/hy -1+ IO g

= Vi —D(=r+7+1) = —a_,

and hence (1) is satisfied. Likewise, equation (2) says

Nl T

aryt —aq" = (a7’ +a )y + (apy' +a-10)y
= 7(a— +pas )y’ +y(as + pa_)v',

and this is confirmed by the previous two results.

Problem 7.12

If the parity transformation is to carry solutions (to the Dirac equation) into

solutions, we again require

(5775) o =



But this time x*’' = (xO, —x1, —x%,—x2), s0
9x0 _ ox! _ ox? _ ox3 _ 1
ax® 7 axt 7 e e’

and all the rest are zero. So
(1)7° = (8719°) = $9° =%,
2) ! = - (S*1715> = Syl = —4ls,
(3)7% = — (5711%8) = 897 = =%,
(4)7° = - (5719%8) = 59° = —%s.

Evidently S is a 4 x 4 matrix that commutes with 7, and anticommutes with
the other three. The obvious solution in S = 9 (though you could multiply
this by any number of modulus 1).

Problem 7.13

(a) From Eq. 7.53:

a4 0 0 a—
g [ o+ a-01) _ 0 ara_ 0
" \a_oqy a. ) | 0a_a, O

a_00a+

It’s real, and symmetric, so st=g3.
+ o ar a_om ar a_om a+ +a? 01 211+a (71
a_oyp a4 a_oyp ai 2a,a_0q a+ +a

Buto? =1,and a2 +a2 = L(y+1) + 3(y — 1) = 7, while

2ﬂ+ﬂ,

I
|
N
\
=
)
+
=
=
5
=
«
\QN
\
—_
I
\
2
—_
\
QN‘ —_

:—mh—u—wwrwﬂ (b=2)

So

sts=1 <—;m _/i‘”) N

107
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(b)

t 0c ayL a-op 10 ay a-op

SIS = (acfl a4 ) <0 1) (aal at )
ay a_o ay a—o\ _ [(a% —a?) 0
a_oy a; —a_oy —ay ) 0 (a2 —a%)

10
But (i3 —a2) = 3(y+1) = 3(y—1) =1, so ST0S = ( _1) =7 v

Problem 7.14
- t
(#7°9) = @"7"7°y) = (5¢)"1°1°(Sp) = 95" °Sp. But
01 ay a_o a_oyp a ay a_o: 01
5¢ _ + 1) _ 1 a4+ \ _ + 1 _cAB
7S = (1 O) (am at ) N ( at 11171> N (am at ) (1 O) =57
So ST499°S = 5190545 = 4045 (Problem 7.13b), and hence

@) ="y =97y, v

Problem 7.15

(Y'py —me)u =0 = u+('y”+py —mc) =0= u*('y”*’yopy - 'yomc) =0.
But 1#T90 = 199 (see below), so utyo('yypy —mc) =0, or ii(y"p, —mc) = 0.

Similarly, (y*p, 4+ mc)v = 0 = 5(y*p, 4+ mc) = 0 (same as above, with sign
of m reversed).

Proof that  y#Tq0 = 7044 :

+
ot _ (10 10N\ o . -
7 _<0 1) ~—\o -1 = 7, so it holds for u = 0.

wr=(%9) = (0 ).
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@' = (g 01)+ (5 %)=

) i . . . .
So (vt = ((Si v ) = —+'. But 7/ anticommutes with 7°, so 770 = —9%9'.
()

0
Therefore Y0 = —4/9% = 4091 So it holds for y =i = 1,2,3 also. v/

Problem 7.16

In the notation of Eq. 7.42 and 7.46,

- 10 u
au = u'y%u = N? (uf, ut) <0 _1) (u2> = N? (uzuA — uJ{;uB) .

In particular, for u():

= 8 [(10) (o) = g o (5,5,
2 I :L 2)2 _ 2p?
N {1 (E+mc2)2(pz+”x+py>] (E + mc?)? [(Hmc) Cp}

_ (E+mc?) 1 2 2, .24 22
= : ETma) {E +2Emc*® + m“c cp}
1

c(E 4 mc?)

1
(2Emc2 —+ 2m204) = WZMCZ(E + mcz) =2mc. vV

It’s essentially the same for u(%); for v(1) and v(?) we use Eq. 7.47:

ov = N? [(EJrCrzncz)z ((px +ipy) —pe) (Px_pipy> -0y (2)}

SN S ] |2p? — (E+m?)?]
(E+mc2)2 0y - ny o h= (E + mc?)?

E + mc? 1
= ( . ) ETmd)ye [czp2 — E2 —2Emc* — mzcﬂ

-1 (ZEmcz+2mzc4) _

2 2y _
(Etm?) 2mc“(E 4+ mc”) = —2mc. v

-1
c(E+ mc?)
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Problem 7.17
Let a# = ¢y"¢. Then
= (@7°9)" = """ 9" = (S¥)T O (Sy) = 7ST 9 sy.

But 1"7° = 1,50 ($7°9)" = " (STS)y.

StS = < ;a _f‘“) (Problem 7.13a)
- 1

B 0 o1 10 0 o
=181 0) =716 ) (5 9)
=7(7"7") = Br("°7) = 2°(v7° - ).
a® =t (1° — By )y = (7 ° — By )y = 1 — Bra'v
Similarly

= (Pr'p) = 9p'STy ! sy.

ST091S = (ay +a-1"9H)2 9 (ay +a_2%9")
=39’y + 200 (1791 + a2 (1091,

e - -7 ) -

ST i+ )'r Y+ 2000 = 091 —4By0°
Oy

= (a
=7 ﬁ’y')f ) (using results from Problem 7.13a).

U= 9" (' = By ")y = (17! — Bry°)gp = ya' — Bya’. v
Finally,

= (§7*)" = '™ sy
1S = P (ar +a-2"7") = (ar +a-"9")? = 597
(since 42 anticommutes with 70 and ).

@ = 'SPy = 9Py = Py = v
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(Iused St9°S = 90.) Same for a3.
Under parity, ¢’ = 7%y (Eq. 7.61), so

! —
A = (@1"9) = 9" = ()% (because (77)? = 1)
=7y =4’ (so a is invariant under P)
! - . .
a = (Pr'y)" = 9T = gy
=" (=" )y = —y'yp = —a' (so “spatial” parts change sign).
Problem 7.18

Equation 7.61 = Py = 7%y, so Py = p(1), Py = @), py®) = —y0),
and Pp®) = —p4), Evidently ¥ and ¥ (the electron states) are eigenstates
of P with eigenvalue +1 (positive intrinsic parity), while ) and p*) (the
positron states) have eigenvalue —1. If P = —1?, the parities are reversed, but
it is still the case that particle and antiparticle have opposite parity.

Problem 7.19
(a) From Egs. 7.15 and 7.69:

{2y =28" = Y9+t =28,

o = % (V' = ") = A — oty = 2ie

Adding,

2’)/}471/ =2 (g?“/ _ 1‘0—}41/) , or ’,)/y,)/l/ — g;ll/ — ighv

(b)
012_1(12_21)_i12_1. 0 o! 0 o2
=s(" =) =it =i ) e g
1,2 3
Y % 0 (0?0 3
_1( 0 —(71(72>_<0 03)_2'

I used the anticommutation relation for the gamma matrices, and ¢'c? = ic?
(Problem 4.19); note that because 0; is not part of a 4-vector, we do not distin-
guish upper and lower indices.
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Similarly,

- . /0 o 0 o
i) i(22) (53)

Problem 7.20

(a) Start with Eq. 7.73: 9, F*" = (47t/c)]". For the case v = 0:

0 0 0 0 oE, OE, OE
wo _ 9 roo, 9 r10, 9 r20, 9 p3o_ 9Ex  Ohy z _ v,
onF axOF * E)xlF + asz + 8x3F ox | dy oz V-E
4r

= C]O:4Tncp:47rp. So V-E=4mp. v

For the case v = 1:

) 0 0 0

_ _i‘—’a%%(?;—aaiy) = [—1%]:‘+(V><B) i
= =2
This is the x component of

(the y component comes from v = 2, and the z component from v = 3).
(b) Take the divergence of Eq. 7.73:
%
0y0, F1 = TE),,]”.

But 0,0, is symmetric in y < v (by the equality of cross-derivatives), whereas
FM is antisymmetric, so the left side is zero (Problem 3.10e), and hence 9, ]/ =
0.v
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Problem 7.21

The continuity equation (Eq. 7.74) says

_ o 0 1 2 3 _ ¢
0 ay] doJ° +091] + 9]+ 93] a(ct) + a ay 9%
9 _
= -V

Integrate over some volume V, with surface S:

/apd dt/d - /V]d'r— /]dA

(where Q is the total charge in V, and I used the divergence theorem in the
last step). This says that the rate of change of the charge in V is minus the
flux of charge out through the surface—mno charge simply disappears or is
created from nothing. In particular, if we pick a volume such that J is zero at
the surface, then Q is constant.

Problem 7.22

A
A6 =Ayp+dgA=0 = JA=-4Ag = F = —cAyp.

t
A t) = —c/ Ao(r, ') dt' |,

(You don’t have to use —oo as the lower limit—any constant would do.)

2 2 t t
OA = 612%72‘ —V2\ = laatz/ Ag(r, t’)dt’+cv2/7 Ao(r, ') dt’
10 t 2 IN g4t
— oS (At e [ VPAnt)ar.

But JAF = 0 = V2Aq(r,t') = (1/c2)(0%/3t'*) Ag(x, '), so

t

1040 1[0 ,
A T [ay“‘o(f'”}
_ 1049 194g  19A¢(r,t) 10A(r,t) 0.
c ot c ot c ot c ot o
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Problem 7.23
(€))
. i\ 2 .
OA = 9#9uA = ika 9#dy e P*/" = itika (— h) plppe P o

(Eq. 7.90).
(b)

AW = AF 4 M)\ = ge P X/l 4 gt (ihxae*ip'x/h)

, ‘ i . .
= ae P/ Mel ihka (—hpl‘> eI/ — o= iPx/M (el g yephty

Thus e#' = e# + xkpH.
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Problem 7.24
1
0 .
)76 = N2 . ( __p= _clpamip >)
s—lezu ! |N| Ejrr;n@ 10 E+mc? E+m02y
— c(px—tipy)
E+mc?
0
1. c(pxtipy) cpz
+ c(px—ipy) (O 1 - E+mc? E+mcz)
E+gr;]c2
T E+mc?
—cpy —c(px—ipy)
1 0 E+mc? E+m62y
5 0 0 0 0
_ E 4+ mc . 2 ) _;
Pz 0 cpz c Pz(Px lp?/)
C E+mc? (E+m52)2 (E+mc2)2
c(ptiry) —p:(prtipy)  —C (4P
E+mc? (E+mc?)? (E+mc?)?
0 0 0 0
—c(px+ipy) cpz
O 1 Tpee | Ed
T 1o ceazivy) —Catry) Epz(pa=ipy)
E+mc2 (E+mc?)? (E+mc?)?
—cps CZPZ(PXJFiPy) —c2p?
E+mc? (E+mcZ)2 (E+mc?)?
) .
E*% 0 i —Pz —(px —ipy)
B 0 BEs —(ptipy) p
Pz (Px _ipy) _E—T—Pr‘nc2 0 )
(px + ipy) —Pz 0 - E-T—l:ncz
Butp-o = Pz Px—ipy and p’ = E —m'd = E — mc?, so
px+ipy  —pz E 4 mc? E + mc? ’
E
Eyme 0 )
c — 0
Y gl = ( 0 £4me (P
= _E 0
s=1,2 (p-o) ¢ ome E
0 —7 +mc

E 0
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c(px—ipy)
E-&-grrzjc2
©56) = NP | “Eme (C(Px+il7;) e )
522120 ’ |N| Egmc E“"mCZ/ E+mc? 0 -1
1
sz
(i)
c\pxTripy .
2 cpz clpx—ipy) _ )
+ E+1rnc (E-i—mc2 E+mc? 1o
0
CWHp)  —Cpapipy) o —cpx=ipy)
(E+mc2)? (E+mc?)? E+mc?
E + mc? —*pz(pxtipy) 2p? 0 cps
= ( ) (E+mc?)? (E+mc?)2 E+mc?
€ 0 0 0 0
xFi —cp:
C(£+mlgy) Efnfcz 0 -1
p? pelpripy)  __cp: g
(E+mc?)? (E+mc2)? E+mc?
Apz(patipy)  pi+py)  —c(pxtipy)
+ (E+mc?)? (E+mc2)? E+mc? 0
CPz C(Px—ipy) 1 0
E+mc? E+mc?
0 0 0 0
2 .
N
= 0 Ef;ncz —(Px+ify) pz
pz  (px —ipy) —EJF% 0 ,
px+ipy  —pz 0 — bme
E—mc?
= 0
(F.0) e
- ‘ _E+mc2 0
(p ! U) OC _ E+mc2
c
:F’y —p-y—mc="p,—mec. Vv
Problem 7.25

e =(1,0,0), e?=(0,1,0), p=(0,0p) =p=(001).
e = el
s=1,2
iszerounlessi = j;itislfori =j=1andi=j =2 butOfori =j = 3,s0
d;j doesn’t quite do it, but if we subtract off p;p;, whichis 1 fori =j=3and 0
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otherwise, that will fix the problem:

2 €l-(s)€](s) = (51‘]' — ﬁzfa] v
s=1,2

Problem 7.26
© u e u
—_ e Dy A A AW
AR ; \/: : [V
Before After
From Problem 7.6,
a+ 0 0 by
_ 0 by _la+ . 0
u(l) = .| (2) = 0 ,quadu(3) = o | u(4) = b |
0 b_ a_ 0

where a+ = /(E, £mc?)/c; by = \/(Ey£ Mc?)/c. [Note: The bottom
entry in u(2) is not —b_ (nor is it —a_ in u(3)) — unlike Problem 7.6. The point
is that (2) and (3) are going in the —z direction, so p, = —|p| for them.] From
Eq.7.106,

2

8e - i7 i i 7 i
M=~ oS () )40 ()] - [#G)y w1 a(4)7'u(2)]

(where i is summed from 1 to 3).

1(3)7%u(1) = (0 ay 0.a_) %"

a(3)y'u(1) = (0 ar 0a-) ((1) 01) (?Ti (g) a(i

—(0ay 0-a) 4 (ag) = (0ay)o ”6 +(0a)c “0*
<(3)

0

. ‘7{1 ‘712 1\ | 0’{1 B ;
=2a,a_ [(O 1) (‘751 o) lo)] = 2a,a_ | (0 1) )| = 2aa_0b.
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0

(4)7'u(2) = (b4 05 0) ((1) _01> (—Oaf %) b0+
b

= (b+ 0 b 0) Ui(bo) = (b+ o)a"<0)+(b o)oi(())

/0 b by
e
7 <b+>

B ail O'iz 0\| Uiz . i
= 2b+b7 |:(1 0) (0_51 (Téz 1 = 2b+b7 (1 0) 0_52 = 2b+b70'12.

M—gig(Zaabe)a o —%(ﬂlu )(bybo)
(pr—pa)2 " TR TR Ty gy T

where [used 051 - 012 = (1)(1) + (i)(—i) + (0)(0) = 2 in the last step. Now

E2 _ m2ct 2.2
() =2 RS o (b = Iyl and. [pel = [y

8g2p2
So M = —==E .
(p1—p3)?

E E

8g7p2
M= S = 0gl

Problem 7.27

There are two diagrams:

SGE
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Diagram 1:
[ i [s@ s ) (g )| €5(3)
4

< (0 (1 = 0= ) Q0 2 40— )
— _i? s (P1— p3 + mc)
— —ig? o) () L B g (hu)|

x (270)*6*(p2 + p1 — ps — pa)

2

Ma =] S [0@) () (i — ps ) BJu(1)]

Diagram 2: The same as Diagram 1, only with 3+—4. So

2

My = 8 [6(2)¢" (3)(p1 — pa +mo)g (4)u(1)] .

(p1— pa)? —m??

Problem 7.28

P T20b)]" = [o(0)*'T20()] = o)1 o(a)
= v(0)""7°T37 0(a) = 5(b)[10(a)

Z [0(a)T1v(b)] [0(a)Tv(b Z 7] { Z v(b)a(b) } Too(a).

spins s(a) s(b)
Invoking the completeness relation (Eq. 7.99),

Y 0(b)5(b) = (P — mye),

s(b)
and defining Q = T'y(p, — myc)T,
Y. [B(@)T1o(b)] [5(a)T20(b)]" = ) 5(a)Qu(a) = ) ) 5(a)iQio(a);

spins s(a) s(a) i,
= EQz] { Z v(a);5( } ZQU — MyC) ji = 2 [Q(Pa — mac)];;
ij s(a) i

= Tr[Q(pa — mac) ’Tr (Po — mpc)T2(Pa — mac)] ‘
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The others are identical, except that the completeness relation carries a plus
sign for particle states. So

7

Y [a(@)T1o(b)] [A(a)T20(b)]" = | Tr [Ty (P — mpc) T2 (pa + mac)]

Problem 7.29

(a) If v = 0, note that 7%t = 40 and 1990 = 1,50 999010 = 407040 = 0

. ; 0 o ; 0 —o'f
Ifv=i=1,2,3, theny = (—U’i 0) = ()t = (gﬁ 0 ) But
ot = ', s0 (v')' = —9". Moreover, v'7? = —9%, so 1%9T9" =
_,)/O,YZ,YO — ,YO,YO,Yz =9 v

(b)

T =T =1%(vam - 70)° =2°(vF - v D)A°.

Insert %" = 1 between every pair:

F=1"[22(1") - () (7 )d]

= (") )P = e e v

Problem 7.30

According to Eq. 7.112, M = A[i(4)T1u(1)], where

2
A= Pj; "m0 T =£Q2) (P pa+me)f(3)"

First sum over the outgoing electron spins (s4) and average over the incoming
electron spins (s1). Casimir’s trick (Eq. 7.125) gives (| M1|?),

2
— i Y. [(4)Mu(1)] [@(4)Tu(1)]" = ATTY [T1(p1 + me)Ty(pa + me)],

2 51,54
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where

M1 = 2T} =1 [2) (1 — pa+ mo)é(3)] +°

70 [¢3) (= ph+mo)g(2) "] 4

73] [1° (= i+ men®| |14
= ¢(3)(p1 — p3 +mc)¢(2)".

Similarly, by Eq. 7.113, M, = B [ii(4)T2u(1)], where

2
BE(mpﬁ "o 4 D2 =L (Pt prme)f(2).

<|M2|2>e = B72Tr [rz(ﬁ1 + mc)l_"z(m +mc)], T = ¢(2)*(ﬁ1 + o+ me)¢(3).

(MM = 5 T [T (1) [Ty
= @Tr [T1(p1 + mc)l_"z(m + mc)],
(MaMi)e = 57 T [T (0)] (@)

- %Tr [T2(p 4 mc)T1 (ps+ me)] .

Now sum and average over the photon spins:

(M) —zTr{ )" (pr = ps + me)e(2)37" (pr + me)e(3)xr*

52,53
X (pr—ps+ mc)e(Z)}’y)‘(m + mc)} }
Writing the completeness relation for photons (Eq. 7.105) as

ifporvis0

(s) (s) _ _ )0
€,'¢y’ = Quy, where Q, = L
E el - 0 =l

1,50 , otherwise

(M1P) = 220, QueTe (s — pa -+ me)y” (s + )
X (p1 = pa+me)y (pa+ mc)]

(MaP) = B0 QueTe [y + i+ me)a (i + )
X (pr+ p2+ me)y (pa + mc)]-
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(MiM;) = %Q}l/\QVKTr [7”(}51 — P35+ me)y" (1 + me)y
X (p1+ pa+me)y" (pa+ mc)} .

(Mo M7) = %QVAQVKTr [7”(}?1 + po + me)y (pr + me)y*
x (p1— P+ me)y" (pa + mc)} .
Conclusion:

(M%) = iQMQVK{AZTT [7”(}?’1 — P+ me)y" (pr + me) "

X (p1 = pa -+ me)y* (pa -+ me)|
+ B%Tr {'yﬂ(;zl + pa + me)y" (p1 + me)y" (p1 + pa + mc)'y)‘(m + mc)]

+ ABTe [" (1 — p + me)y” (pr + me)y* (p1 + o + me)y* (pa + me)|
+ ABTr [v”(;ﬂl +pa+me)y! (P + me)y* (pr — pa + me)y* (pa+ mc)] }

where A, B, and Q,, are defined above.

Problem 7.31
@ TrA=)Y Aj;, s0

(1) Tr(A+B)= Z(A—FB)ﬁZZAi,‘-i-ZBii:TI‘A-FTI‘B.

(2) Tr( ) Y (aA)i =) a(Ay) = aTr A.
(3 TI' = Z(AB ZZ ij ]z = ZZB]ZAZJ
L
=) (BA)jj=Tr ( BA).
j
(b)
g™ = g00g™ + g018™ + - + g33¢™, but ¢" = O unless y = v

= 008" + 118" + 82287 + 8338
=+ EEDED+HEDED) +(ED(-) =4



(o)

¥+ B = (au ") (bur") + (bo7") (au7") = aubu (7" + ")
=ayb,(2g") =2a,b" =2a-b v

|123

Problem 7.32
(a)

Yot + oyt =2g1
= g7 + gy =28uwg"’ =2-4=38
1Y+t =2t =8 =t =4

Y'Y = vu (28" — ") = 29u8" — vt y”
=29 —49V = 29" V

Y Y = vyt M — Atyt) = 28M Y — (G vyt
7 27"

=2(7M" + ) = 2(28") = 48" v

00T e e e
= 77" (287 — A7) = 287y 4"y — 1" Ay o
M\/_/ N’
el 4gvA
— 2,),0 4g1//\ oo 2,)/ ( g A 1/) _ 4g1//\,)/z7
_ 4g1/A o 2,)/0,)/ 'YV —4g”7‘7 — 2,), v/

(b)

’)’;tﬂ’)’y = ’Yy(ﬁv')’v)’YH = QV(’Y;/YV'YV) =ay(—27") = =2(ay7") = -24 v

Yy = v (2" (ar) Y = aby (v Y ") = aba(4g"Y) = 4a b v

Yudbgr" = 1u (@) (b)) (o )" = avbrce (ruy" Y 97 y")

= aybyco (=297 ") = =2(cor”) (bar™) (") = —268d v
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Problem 7.33

(@) (10) The trace of the product of an odd number of gamma matrices is
Zero.
Proof: Insert v°9° = 1: Tr (4#9Y---97) = Tr (9#9" - - 479°7P).
But 4° anticommutes with every 7#, so, pulling one 4> through to
the left we pick up a factor of (—1)", if there are n 7's:

Tr (9" - 97) = (=1)"Tr (v7 9"y 977°)
= (=D)"Tr (v*9" - 17 7°)

[by Tr (AB) = Tr (BA)]. So Tr (y*9" - - 97) = (=1)"Tr (y*9" - - - 99).
So if n is odd, the trace is zero. v’

(11)
1000
0100
Tr (1) =Tr 0010 =1+14+1+1=4.V
0001
(12)
1
Tr (v"7") = 5 [Tr (") + Tr (v77")]
(since they're equal, by trace rule 3)
= ST () = 5T (2g7) = T (1) = 4. v
(13)

Tr (v'" 7" )
=Tr [28" = 7"7")7" 7]
=2g"Tr (v"97) = Tr (11" 7"")
= 8¢ — Tr [7" (28" — v"4")1"]
= 8gg" — 2"V Tr (197) +Tr (7777
= 8g1g" —8gMg" +Tr |17 (28" —17")]
= 8gHg" — 8¢+ 2gM Tr (7"7") = Tr (7"7 7).



But the last term is equal to —Tr (y#9"y*77) by trace theorem 3, so
2Tr ("7 ") = 8(s"g" — 8" +8M78"), or
Tr (Y'y 77 = 4(g"g"7 — """ + g'7g") v

(b)
Tr (ﬂll’;ﬂi) = a;,byc/\daTr ('7;"71/7)\'70)
= daybyerds (818" — """ +8178")
=4[(a-b)(c-d)—(a-c)(b-d)+ (a-d)(b-c)] v
Problem 7.34
(a)

Theorem 14 Tr(7°) = Tr <(1) (1)) =0. v
Theorem 15 Tr(7°7#7V) is antisymmetric in # <> v. Proof: from the funda-
mental anticommutator,

Te(1° {7%,7"}) = Tr [7°(2")] = 28" Te(") = 0
= Tr(177"") + Tr(1"7"7") so Te(179'7") = —Te(v*7"+").

But there is no general antisymmetric second-rank tensor (there’s g*¥,
but it's symmetric), so Tr(1>y#9¥) = 0. v

[In case you don’t like that argument, note thatif 4 = v, then y#y" = £1,
and we are left with Tr(°), which is 0. If u # v, then (after appropriate
anticommutations and again reducing the square of any gamma matrix
to £1) Tr(1°y*9Y) = Tr(iv%y'9y2y39#9") reduces to +i times the trace
of the product of two distinct gamma’s, which is zero by Theorem 12.]

Theorem 16 By the same argument, Tr(7°y*7"9*7) is completely antisym-
metric under interchange of any two indices, but there does exist a gen-
eral antisymmetric fourth-rank tensor, namely the Levi-Civita symbol,
€"A? (Eq. 7.127). All we have to do is calculate one permutation of the
indices, and the others are all determined by invoking antisymmetry:

Tr(157%919293) = Tr[13(—i®)] = —iTr(1) = —4i
Since €913 = —1, it follows that Tr('y5'yﬂfy”fy)‘fy‘7 ) = dighvroc s

125
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(b)
Theorem 15’ Tr(°ff) = aub, Te(y>y#9Y) =0. v
Theorem 16° Tr( fbgd) = aubycrdoTr(v> vy ") = diaybycrdee! . v

Problem 7.35

(@) Since €"Y7 is zero unless the four indices are all different, e#'A¢ €t 18
zero unless 0 = T: eVV)“Tew rr = AdY, and it remains only to determine the
number A, by working out a particular case. Pick 0 = 7 = 3:

€MW\3€VV)L3 = Aég = A.

Here pvA must be some permutation of 012, and there are six such permuta-

tions (all equal), so

A3 0123
et '5141//\3 = 6€ €0123 — —6.

Evidently A = —6, and hence e"W\"eyMT =—6/. V
(b) This time A could be 6 or 7 (and ¢ the other), so

€My = A (407 — 5255 )

(it’s obviously antisymmetric in T <+ 6). To determine A, pick (for example)
A=0=2,0c=1=3:

23 253 253 0123 1023 _
etV €23 = A (52(53 — 5352) =A=¢€"“ €3 +€ “€1003 = —2.

So
eMe g = =2 (535g — 5 ) Y
(c) This time there are six terms:

"€ ppr = A (5;;,535;{ — 840207 + 818,08 — 848365 + 830765 — 846,67 ) :

In particular,

123 0123
€ Ve = A =€ “egras = —1,

SO

"€ ppr = — (f%agag — 640785 + 045,05 — 84805 + 655755 — 555$5g) :
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(d) There are 24 terms:

chvAT Caopit
:r{%%gﬁ—%%&%+%ﬂ%%—%ﬂ$%+%%&%—%%%ﬁ
— 8164,607 + 8,60,0754 — S 8% 5008 + 857655, — 8},64075¢, + 6,6460567
+ 8) 0,007 — 801,678 + 6 5450,05 — Sy 6L487, + O 56787, — O 8607
—ﬂ%@%+ﬂ%$%—ﬁ%%%+ﬂ%$%—ﬂ%$%+£%$%)

(I got the overall factor by picking uvAc = w¢bt = 0123.)

Problem 7.36

@
Tr 7" (1= (1 +97)m [but {7°, 7'} = 0
= Tr [y "7 (14971 +77)m] bt (14977 = 2(1+97)]
= 2Tt [7""y* (1+27) ] = 2Tr [1arr"r (1417

= 2(4g")Tr(1+1°) = |32g" .

(I'used 8,11, and 14 on p. 253.)

(b) Dropping traces of odd products of gamma matrices:

Tr [(p + mc) (g + Mc) (P + mc) (g + Mc)]
= Tr | (pg + meg + Mcp + mMc?) (pg + meg + Mcp + mMc?)|
= Tr(pqpq) + 2mMc*Te(pg) + 2mMc>Tr(4p)
+ m*Tr(qy) + M*CTr(pp) + m* M*c*Tr(1)
Ap-0)p-9) = p*q* + (p-a)(p- )] +4mMc*[4(p - q)]
+ m2c2(4q%) + M2 (4p) + m*M?2c (4)
= 8(p-q)* — 4m>*M>c* + 16mMc*(p - q) + 8m>M>c* + dm> M>c*

= 8[(p-q)* +2mMc*(p - q) + m*M>c*] = |8 [(p~q)+mMc2]2 :
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Problem 7.37
| My + [Ma]* + M My + MyMs3,

(M[? =
+ (MiM;) + (MaM3)"™

IMP) = (M) + (Maf?)
Here
8 (a3 u()] [1()mu(2)]
(p1 —p3)? ! ’

2
o )7 (1) [2(3)7(2)].
From Eq. 7.129, with m =

My =~

My =+
M =0:

4
(IMq]?) = (plf%?;13y4[(p1~ p2)(ps - pa) + (p1-pa)(p2-p3)]-

And, switching 3 < 4,
8g:
TETAL [(p1 - p2)(p3 - pa) + (p1-P3)(p2- pa)l-

2\ __
(|IMa|%) = (1= pa)®
* _1 —83
MM = L =12 (r1 = pa)?
x ) [#B3)y"u(1)] [(4)yuu(2)] [1(4)y u(1)] [@(3)y,u(2)]"
P A u@)]  [a2)ru(3)]
*

where

*x =Y a(3)7" (Dmﬂ(l)) 7 <2u<4>a<4>> “ (2u<z>a<z>> ou(3)

}/ﬁ-mc }/4+mc ]zfz+mc)
= Z 1(3 )('Yyﬂl')/ }2’4')’;4}2’2')’1/ 22 Qz]
53 5 i,j S3
= Zsz (ZM(?’W@)) = Z(Qﬁs)ii =Tr (Qps)
i,j 53 ji 1
(/3"‘7710);'1’

=Tr (V" 1y" pPavuprvps)



|129

oA
(MaM3) = i(pr = P3)§(EP1 “ ) Tr (Y"1 pavuparrvps).

But v 17" Pavy = —2p47" p1 (theorem 9 on p. 253), so
Tr (Y 1y pavuparrvps) = —2Tx (Pay' prpareps),
[and 7" p1 P27y = 4p1 - p2, (theorem 8) |
= —=8(p1- p2)Tr (pap3)
= —8(p1-p2)(4)(p3-pa) (theorem 12").
Thus

4
MiMz) = (p— Ps)égizr(gpl — pa)? (p1-p2)(p3 - ps) = (MaM;3)"

(since it is clearly real).
Now,

(p1—p3)> =pi+p3—2p1-p3 = (mc)* + (mc)> —2py - ps = —2p1 - p3
(p1—pa)® =pi+pi—2p1 pa=—2p1-pa

So
2 283
(IM?) = =<5 [(p1- p2)(p3- Pa) + (p1- Pa) (P2 - p3)]
(p1-ps)
£ (s pa) + (prp) (2 )
(p1 P4)
2g4
+2 € _ . . .
(pl . P3)(P1 . P4) (pl P2><P3 P4)
But
(p1+p2) = (p3 + pa)
— Pl pa+2p1 P2 =P3+Pi+2p3-pa
= p1-pP2=p3-ps (since pl2 = m?? = 0).
Likewise
P1—P3=P4— P2
= p}+p3—2p1-p3=pi+Pi—2p2 pa
— P1-P3=P2" P4;
and

P1— P4 =PpP3— pP2=P1 P4 = P2 P3-
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So
2y _ 2g; P! Ry
<‘M| > - (Pl K p3)2(p1 . p4)2 {(pl P4) + (Pl P3)
+ (p1-pa)?(p1-p2)* + (p1-p3)*(p1- p2)* +2(p1 - p3) (p1 - pa) (p1 - p2)? }
¢
where

¢ =(p1-p2)* |(pr-pa)*+ (pr-p3)* +2(p1-p3)(p1- pa)

(p1-patp1-p3)?

where, in turn,
(pr-patpi-ps)?=1p1-(p3+p))> =1 (p1+p2))
_[.2 _ 2 [ 5 _ 20
= |p1+(p1-p2)| = |mc"+(p1-p2)| = (p1-p2)

2g4
_/\/l2 = (4 . 4+ . 4+ . 4 X
(IMP) =] 3 s [ p2)* + (1 p2)* o+ ()’
Problem 7.38
(@
8g4
M?) = "ee . ) + . )
(IM]%) 1= 7o) [(p1-P2)(p3 - pa) + (p1- pa)(p2 - p3)]
_ 2 _ 2 2 p . pa = — .
(P1—p3)” =pi+p3—2p1-p3=—2p1-P3
2g4
(M%) L [(p1- p2)(p3 - pa) + (p1 - pa)(p2 - p3)]
bl
p p .
e—>o<_2u /¢___e___.
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E E2 ., E?
pa=\_"Pf), 7 =Pi=P; Pi-Pf=_zcost

EZ ) EZ
Pi-P2= 5 TP :2C7:P3'P4;
E? E? E2 )
P1'P4:C7+pi'pf:C—2(1+c059):2c—2c0s2§:p2-p3;
E? E? E2 .6
Pl'PszCj—pi~pf=67(1—(:059):26—2511125.
2¢4 ( E* E* 49> 1+ cos*6/2
MPy= ——8¢ _ [4— 44— cost =) =|2¢  ——F———=).
(1M 4(E/c)*sin*0/2 \ ¢4 ct 2 3e sin*6/2

(b) Put result of part (a) into Eq. 6.47, with S =1, |p;| = |ps|, E1 + E2 = 2E:

do (cm)z g <l+cos49/2>

a0~ |\87) 262\ sinfe/2

Problem 7.39
&
Py
P, P, LA 6
€ =—1Pp 0 @—— ¢ P4 //c _______
Before e/ After
(a)
IMP) = 25 [y p)+ (1 p)*+ (1 p0)]
(P1-p3)*(p1- pa)?

2
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2 EZ
_ = 2 _ =
pr-p2= -5 +p; = 2
2 EZ
Pps= g Pz"PfIC*ZU*COSG)}
EZ 2
Pl'P4=C7+Pi'Pf:C7(1+C059)-
(M) = 25
(E/c)*(1 —cos0)2(E/c)*(1 + cosh)?
EZ 4 EZ 4 EZ 4
X KZCZ) + (C2(1—c056)) + (C2(1+c056)>
_ ngzl 4 4
= A= cos0? {16—!—(1 cos6)* + (1 + cosb) }
2 4
= % (16+1—4cos9+6c0529—4cos39+cos49
sin* 6
+1+4cos(9+6cos29+4cos30+cos40)
4
= 2g4,3 (18 + 12 cos? 8 + 2 cos* 9)
sin* 0
_ 48?? 2 45\ _ 43? 2,)\2
= nlg (9+6cos 0 + cos 9) = ante (3+cos 9)
2 2
S so] = e (1 5 )|
= 4 — 0 =112 1—— .
Lin29( sin”6) 8e sin? 6

(b) Put this into Eq. 6.47, with S = 1, |p;| = |py|, and E; + E; = 2E:

4
sin? 6

do _
a0

hfc
8

1

2(2E)2

4
sin? 6

hegz
8mE

2
e

(5%) i e (- )] - 25 0

)]

This is different from the result for e +- 4 — e 4 p (Problem 7.38). As explained

in the footnote on page 247, the non-relativistic results for e +e¢ — e

+ e and

e+ u — e+ p should be the same, but for the extreme relativistic regime this

is no longer the case.

Problem 7.40

Restoring the complex conjugation, Eq. 7.158 reads
Msinglet = —2\/21"075 (eék x GZ)Z :
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[ Miinglet|” = 882 (€3 x €1), (€3 x €4), = 88 (esijea;ea ) (€anesiear)-

(| Msinglet|®) = 8g2esijesn Y (€axesi) Y (€ares])
j

53 54

= 8gresijesn [ — PaxPai (61 — ﬁ41ﬁ4]~]

= 8g; [631‘]'631‘]‘ — €sijesitPaiPaj — €sijeaniParPa; + (€3ijPaiPa;) (€3klﬁ3kﬁ4l)}
= 8g? [ (€312€312 + €321€321) — (5335]'1 - 53153;‘) PaPa;

- (5335ik - 53kf53i)f’3kﬁ3i + (P3 % Pa), (P3 x 154)4
— 8842~ pufT+ Pacba, — a5+ Paba + (P X Pa) (Ps X Pa). |-
From Eq. 7.136:
P, =1, Ps,=-1, P3xps=0,

SO <|Msinglet|2> = 1642, consistent with Eq. 7.163. v/

This method works because, having already put the electron/positron pair
in the singlet configuration, any contribution from the photon triplet is auto-
matically zero, and hence it doesn’t matter whether you include it or not.

Problem 7.41

Problem 7.42
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Applying the Feynman rules,

[ 1803) Giger) u(1)] ~S [LOOP] 5 [a(a) (iger®) 2]
92 q1

x (27)*6*(p1 — p3 — 92) (270)*6* (92 — 93 — 94) (271)*6* (93 + 94 — 1)
d*qy diqy dqs diqu
(2m)* (2m)* (2m)* (2m)*

x (270)*6*(q1 4 p2 — pa)

where “LOOP” stands for

. i(qs+mc) i(q3 4+ mc
Tr [(zgm A s )
The g integral, using 64(p1 — p3 — q2), sends g2 — p1 — p3 = q (for short). The
q1 integral, using 6*(q1 + p2 — pa), sends g1 — ps — p2, and the two remaining
delta functions = g3 +q4 = p1 — p3 = pa — p2, s0 q; is also g (of course).
The g5 integral, using 6*(q — g3 — q4), sends g3 — g — g4, and we erase the
final delta function (271)26*(p1 — p3 + p2 — p4). The is still an integral over g4,
which (for simplicity) we rename k. Multiplying by i: M =

i 4

4k Tr me)yy (4 — ¥ + mc ,
gt O ) { o [k{]ﬁ(i;”():_(z)z —:1262])] } &) ¢

Problem 7.43
Problem 7.44
e
p 3
pl p2 7 6
C—1pp 0 ¢— L Py & -
Before / After

E E

1= (C/P>/ Ps_'<C/P{>/ [pl =1p|, p-p'=p*cost,
2

a=p—ps=(0p-p), ¢=—(p-pP=—(p+p"-20p)

—2p%(1 — cos @) = —4p?sin®0/2. v
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Problem 7.45

The fractional correction to the fine structure constant is

Ax  «(0) 4p? sin? /2
7 = Wf(x), where x = W
For a head-on collision # = 180°. At v = (0.1)c this is nonrelativistic, so
lp| = mv: )
4m“o 5

so f(x) =~ x/5 = 0.008 (Eq. 7.185).

Ax 0.008
e —162%x1076.
© = Suia) = 62210

At E = 57.8 GeV, by contrast, we have a highly relativistic electron, so |p| ~
E/c,and

4F? 4(57.8 x 10%)2 10
T (m2e (o511 12 10m>1

so (Eq. 7.185)
f(x) ~Inx =In (5.12 x 1010) =247

A 24.7 1 1
= T —0.0191 )= —[1+4+0.0191] =744 x 103 = —
2~ 3nazy) - 0L w(@7) = 357 [1+0.0191] <107 =15

Problem 7.46

Problem 7.47

[See Sakurai, Advanced Quantum Mechanics, pp. 228-229.]
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Problem 7.48
5
Y
p1
I
(@)

[(3) (ige)v(2)] )28 pr="2 — p3)
M = —g.[a(3)0(2)]

(IMP?) = g2Tr [(po — mac)(p3 + mac)]
= g2 [Tr (paps) — (mec)*Tr (1)

=g [4172 “p3— 4(me0)2} = 442 {pz p3 — (mec)z} .

Now
pL=p2tps=pi=ps+p3+2p2ps
— (mﬂrc)2 = Z(mec)2 +2p2 - p3

1
= p2-p3= E(mwc)z — (mec)?.

So (| M) = 42 |3 (myc)? — 2(mec)?| = 2522 (n2 — 4m)].

e

From Eq. 6.35, with S = 1, we have (in the CM):

__psl
87rhm%c

Zggcz(mi —4m?).

Conservation of energy = m,c?> = E; + E3 = 2E3, so

E3 = m?yc4

N

1
2 .4 2.2 2 2 2\ 2
= Mm,C" + P3¢ = p3 = E(m'yfélme)c r|P3| =

¢ /.2 2
5 mz, — 4mg

_ 2g7c%(m3 — 4my)

c g
87Ihm%c 2

87rhm2r

(m

2
v

—4n2)P2 |,
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(b)
T 1 B 87rhm%c4 B 2h(m762)2
ST @2 [(mye?)2 — 4(mec)2 [ (myc2)? — 4(me?)? ]
~— N——
4o negligible
2n(myc?)?  2n 2(658x107%2) -
= oc(m;cz)3 = alm, @) ~ (1/137) (300) _’6 x 10722 seconds‘.
Problem 7.49
(a)
_ . —i _ .
/ [1(3) (ige)u(1)] Py [11(4) (ige)u(2)]
454 44 d4q
X2 pr = ps = ) 270)° (P2 = Pt 0) s
8 7(3)u(1)] [(4)u(2
M= gt (e O [ (2)] |
(b)

2\ _ 1 83
M= [(pr = p3)? = (my0)2)?
x Tr [(p1 + mac)(Ps + mac)] Tr [(p2 + mac) (Pa + myc)]
* ¢

where % = Tr (p153) + (mec)?Tr (1) = 4py - p3 + 4(mec)?
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and ¢ = Tr (popa) + (myc)*Tr (1) = 4(p2 - pa) + 4(myc)*.

4
(mp) =1 @) (o pa) + (mec)?] [(p2- pa) + (myc)?] |

4 {(py— p3)? — (myc)?]

P,
p P, ‘/(e(

1
C —Pp 0 ¢— U Ps ,

Before / After

(c)

_(E _(E _ _(E _(E_
p1 = C/Pl ; P2= c’ P1), P3= C/PS ; Pa= c’ P3)-

=pi=—3, p1—p3=(0p1—ps)

(p1—p3)*=—(p1—Pp3)> = —Pi — p3 +2pP1 " P3
E2 _E? E?
= —26—2 +2C—2 cosf = —Zc—z(l — cosf).

E2 E2

PLops= 3 —P1P3= g(lfcosf?) =p2- Pa-
<|M|2> — 1 (2g6’>4 |:E2(1—C089):|2.
4[-2(E/c)2(1 — cosB) — (m.c)?]* L

From Eq. 6.47,

do (he\* (IMP) | (heg? 2 E2(1 — cos6) 2
dQ  \8m 4E2 | \8mE) |2E2(1—cosf) + (m\c2)2] |

(d)

heg?E
471(moc?)?

o 1
If E < myc?, ‘7:4{

2
7 ] (1 —cos6)?
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o= j—gsin(?d(?d(p
- %Tn Lmh(crffz)zr/on(l—2cos€+cos26)sin9d9
#
where
#= (—cosG+c0526—C0839> ”:2+0+g:§
0 3 3

3
oo| L[ hgZE
|37\ 2mZcd

(e) From Problem 6.8,

do BN, o
a0 (87Tm,4c) (M.

From Example 7.7,

0
(p1 = pa)? = —4p?sin® 5 < (myc)?;
(p1- p3) = mc* + 2p? sin® g =~ (myc)%;
(P2~ pa) = (muc)?
2
2 4 mem
203" o] fomer] = (2722

4 (mqc)t ¥

) 2 ) 2
di — h 4 277’167’71# _ hgeme
dQ  \ 8mtmyc 3e m? o 2rtem? ||

Unlike the Rutherford formula, this one is independent of E and of 6.

d 1 (he2m,\’
4 <geme>

i | n cm%

—_

(M%) =

Alternatively, setting m.,, = 0, and treating the muon as heavy and recoilless,
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Ep, ,¢
E.B A\
e— ol T
Before After

E E
P = <C/P> Pz = (C,p’> ; P2=pa = (muc,0); (pr—p3) = (O,p—p),

2
(1—pa)? = —(p—p)? =—(p*+p” —2p-p') = —2p*(1 — cos0)
= —4p?sin®(0/2);
E2 / Ez 2 2.2 2 2 2.2
PLp3=_37-PP=3"P cos ) = myc” + p° — p~cos O ~ myc”,

(since |p| < mec), and py - ps = mf,cz. Inserting this into the result of part (b):

(M%)

2
1 (28e)* 22, 22 22, .20 ety c?
=5 | myc” + mgc ms;c+mict ) = =—F5——
4 (4p?sin®0/2)? ( ¢ ¢ ) ( K K ) p2sin?6/2

da( h >2<|M|2> ngzmemyc?
dQ — \8mmyc -~ \ 8muem2v2sin® 0 /2

B ( hcg? )2 B ( hedme? /he )2 B ( e? )2
87tm,v2 sin?6/2 87tm,v2 sin?6/2 2m.v2sin?6/2) '

which is precisely the Rutherford formula (Eq. 7.132).




Problem 7.50

/ﬁ'\ﬁ\

(a)

[ o@itiso (2 Y igeu)]

q* — (mec)?

4
x (2m)*8*(p1 — ps — 9) (27)* 6% (p2 +q — ps) (jrcq)zx
2
- [0(2)(p1 — P3 + mec)u(1)] .

M pu—
W 11— p2)? = (mec)?]
To get M(Z), switch 3 < 4; the total, then, is

—| 025 P1— s +mec Y1 — pPa+mec y
M=|8:00) { 71— 73— ()] (72— pa — (mec) } oh

(b) Set m, = m.,, = 0. Note that
(p1—p3)> =pi+p3—2p1-ps = mic> + mic® —2py - p3 = —2p1 - p3,

and (p; — pg)?> = —2p1 - ps. Also note that pru(l) = mecu(1) = 0.

M:ﬁmﬂ13+l4hm.

2 pP1-P3  P1-Pa

141
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1/¢2\?
(IMF) = 1 <g2> Tr{ [mﬁps i plﬁ-dtm} n [pl;@m " m]ﬂf}m} ’2’2}
= (5) Gy ) + G T (e

(p1-p3)?
oo T Ppap) + T (paprpap)] |

4 1
= (%) 4| ——— (p3- e s 9yt .
(2) l(Pl'P3)2(P3 P1P3 - P2 = P3=P3P1 P2+ P3- P2p1- p3)

+W(P4'P1P4'F2—M{P1~pz+p4-p2p1-p4)
1

+ (s prpa-p2—ps- papr-
(Pr-p3)(p1- ps) (pa-prpap2=pa- papa- o

+P3'P2P1~P4+P4'P1P3'P2—P4'P3P1'P2+P4‘P2P1°P3)]
<85)2 [2(?72'703)+2<P2-P4>+2<P2'P4>+2(P2'P3>
2 p1-p3 P1- P4 P1- P4 p1-P3

_ o (P1p2)(ps-pa)
(p1-p3)(p1-pa)

_ g4[Pz-P3+Pz-P4_ (P1~Pz)(P3~P4)} '
“lpi-ps pi-pa 2(p1-p3)(p1-pa)

(c) In the CM frame,

E2 EZ
pP1-P3=p2-ps= C—z(l —cosl); pr-pa=p2-p3= C—2(1+cos(9);

E? .
p1-pP2=p3-ps= ZC—Z. So (|M|?) is

4
m {(Pz - p3)(p1 - pa) + (p2- pa)(p1- p3) — 3(p1- p2) (3 - p4)}
4 4
- 3e E 2 . 2
~ (E/c)*(1 —cos6)(1+ cosb) (c) [(1+C059) + (1 —cosb) 2}
; 2
= 8 2 2 . 4c0s°0
= m (1+2cos€+cos 0+1—2cosf + cos 9—2) _zgesiniZG'

<|M|2> = 2g§C0t29 .
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(d) Using Eq. 6.47, with S = 1/2,
do _ (hc)z (1) 2gtcot? _ [hcggcowr
aQ 81 2) (2E)? 167E '
, o is not finite. The 6 integral is

T T 2
/ ot sinGdG:/ cos”6 1o,
0 o sin@

near § = 0, cos ~ 1 while sin6 ~ 6, so the integral goes like

/ldGNInG‘ — 0.
00 0

Problem 7.51

(a) Assume ¢ = iy2*; we want to prove that ¢/ = iy?¢'". Multiply the first
(on the left) by S, and note that S is real, and commutes with 7> (Eq. 7.53):

Y = Sp = iSy*y* = i?Syp* = i (Sy)* =iy, v

_(xa\ _ .2, _ . 0 02) (XZ)_(I'@XE)
= =1 =1 - . x |7
v (XB) Y (—(72 0) \x3 —i02X)

XA =inxp and xp = —ioo)xy.

(b)

SO

[These two equations are redundant. If you take the complex conjugate of the
second, and multiply by ¢, and note that o3 is imaginary and (03)? = 1,

0oXp = 10205 x4 = —i(02)° XA = —iXA,

SO XA = ipXp-]
Recall that

00 . _ofLON (0 o\ (4 -a-o
f=ay —a-y=a (0—1 T \—co0) " \a.ec —a® )

For Majorana particles, the Dirac equation (ifig — mc 1 = 0) becomes,

, A —c-V X X _
in (0 vV =90 ) (—iazx*) —me <—i02)(*) =0
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7 Quantum Electrodynamics

or (for the “upper” components)

ih[dox +i(o-V)oox*] —mex =0. v
[For the “lower” components we have

ih [0 (ioox™) + (o - V) x] + mc(ioax*) = 0.

Multiply by —i and then take the complex conjugate:

ih[—oydox —i(c™ - V)x*] + mcos x = 0.
Use 0y = —03, and multiply by 07:

h [(02)230?6 — iy (0™ - V)X*] —me(02)*x = 0.
But (03)> =1, s0
i [dox —ioa (0™ - V)x*] —mcx = 0.

Evidently the two equations are consistent provided that 007 = —0j05. If
i is 1 or 3, the Pauli matrix is real, and this is just the statement that o7 and
o3 anticommutate with o7; if i = 2 the matrices commute, but we pick up an
extra minus sign from the fact that o5 is imaginary. So it works.]

(c) The most general linear combination of plane wave solutions to the Dirac
equation is

ale_lpx”‘+a (melpy) ip-x/h _ a4 JCJZC eip-x/h
oo aye~iPX/h a3Ech C(zp x/lh) ay (Ejrz:;y) z}?.x/h
1E+€Zc Pty gimfy e P/l gyeipx/h
) (gi::;y)eﬂp.x/h_ zﬁ =i/ | gt/

For a Majorana particle,

n 14
L)L

So the fourth row is the complex conjugate of the first row (and the third is mi-
nus the conjugate of the second, but this leads to exactly the same constraint):

c(px+ipy) i, c -
a E:_ mczy e i x/h aZE +P e ip-x/h + a3 elp -x/h
*
_ —ip-x/h (Px - le) ip-x/h _ Cpz zp x/h
ae + 037E e e as 7}5 T

*pip-x/h M —ipx/h _ o« Pz —ipx/h
TBTE T © “ET me2’ '
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from which it follows that a3 = a7 and a4 = a3. Picking a; = 1, ap = 0 for
)((1), anda; =0, ap = 1 for X(Z), and adopting a convenient normalization:

(1) _ ((E+mc®)e P/ + c(py —ipy et/
X _szeip-x/h ’

i _ i in-
((E+mc2)e ipx/h — c(py +ipy)elP /M

The general solution (for a given E and p) is an arbitrary linear combination
of these.
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8
Electrodynamics and Chromodynamics of Quarks

Problem 8.1

(a) Referring to the figure on page 277,

[ @) igeru(1)] —5 [a(3) (ige Qo)

454 454 d4q
X (270 (pr+ p2 = @) (270)°0°a = ps = Pa) (5
_ Qs [6(2)7"u(1)] [@(3)7u)v(4)]
(p1+ p2)? ! K .
Qe ;
M= =85 BT ] [E@) 1)) - v

(b) Using Casimir’s trick,

T« [ Qs
(IMF) = Spgs _(m%gpz)z_
x 02" u(V)] [#(3) 10 (4)] [0(4)yvu(3)] [#(1)7"0(2)]
_1 y o 7T
4 o L(p1 4 p2)? )
X Tr [y* (p1 + me)y" (P2 — me)] Tr [y (pa — Mc) vy (p3 + Mc)] . v
(c) Dropping traces of odd products of gamma matrices,
Tr [y (p1 + me)y" (P2 — me)) = Te (v p17" p2) — (me)*Tr (7/'7")
K VA A

= p1,p2,Tr (’ﬂ‘v Yy ) — (me)*Tr (v¥'7")

= Prepand (819" — 9" + g™ ) — (mc)4gh

=

wv

4 [Pl — 8" (p1- p2) + piph — 8" (me)?].



148 | 8 Electrodynamics and Chromodynamics of Quarks

Likewise,

Tr [7}1(}54 - MC)'YV(VS + MC)]
= 4{pa,pa, + pa P, — g | (p3- pa) + (M}
So

(MP) = 3 [@ﬁgizy]: {pafpat  papit =g [(pr-pa) + (me)] )

x4 {paypa, + Paypa, — g | (p3-pa) + (Mc)?] }

Qg?
=4 [(Pl +p2)?
—2 (p1-p2)(p3- pa) — 2(p1 - p2)(Mc)* = 2(p1 - p2)(p3 - pa)
—2 (p3 - pa) (mc)* + 4(p1 - p2)(p3 - pa) + 4(p1 - p2) (Mc)?
+ 4(p3 - pa)(mc)* + 4(mMc*)?
2

2
=8 [(Pﬁg;z)z] [(p1-P3)(p2- pa) + (p1- pa)(p2- p3)

+(p1 - p2)(Me)? + (ps - pa) (me)? +2(mMc*)?]. v

Py
P, 1) ,’{6(
e —Pp 0 — ¢ - - ___.

2
] [2(p1-p3)(p2- psa) +2(p1- pa)(p2- p3)

(d)

(E (B e (E) e (),

pl_ C/P 7 PZ_ C/ 7 P3— C/P 7 P4— C/ 7
2E\? E\? E\?

(P1+P2)2=(C> , p1op2= (C) +p% Pa'P4=(> +p%

E\? E\?
Pl‘P3:P2'P4:<> —P'P// Pl‘P4:P2'P3=<) +P'P/~

C C

2 E\? 2 12 E\? 2 / /
pr=\7) —(mo)S, pr=(2) —(Mc)5, p-p =|[pllp’[cose.

E\? E\?
Pl'pz—z(c> — (mc)?, Ps'P4—2(C> — (Mc)?;



4
(p1-p3)(p2- pa) + (p1-pa)(p2- p3) = l(E> +(p~p’)2]

R ON ORI ORELES

Problem 8.2

From Eq. 6.47 and Problem 8.1:

o (B REr (e (e

[l— <mEc2>2 [1— <]Véc2)2] cosZG} \/];22:75\:22;1

9 inododp, [ dp—2m, [ snodo =2, [ cos?0singdo — >
U—/msm 4),/0 ¢ = 7'(,/0 sin = ’./0 cos” 0 sin =3

|149
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_ <h6Q4mx>2 ) EZ — M2cA {2

l6mE E2 — m2c4

L2
3
2 /h 2 JE2 _ M2cA 2\ 2 2\ 2
_ Q" (hew i{pﬁg me) g Mc*
12 E E2 — 204 E E
(N (MEN | (mN MC“}
E E E E
_ an Fﬂ 2 EZ_MZC4|:1+1 mez 2+1 MCZ 2
3 E 2 _ 1202 2\ E 2\ E
L1y My
4 E E

mQ? (hcrx)z V/1— (Mc2/E)?

E 1— (mc?/E)?

Problem 8.3

There’s a second diagram in the elastic case, and this means that the kinematic
factors do not cancel , as they do for the muons.

Problem 8.4
From Eq. 8.13,
quLt =2 {(m “q)ps+ (p3-q)pi +4" [(mc)z —(pr- ’73)} } '

q=ps—pr=p1—p3=p1-4=pi—p1-ps=(mc)> —p1-ps=—ps-q,
SO
quL" =2 [(me)> = py - pa] [p§ — Y +4"] = 0.
In the “Breit” frame (Problem 3.24),

E E
pl = <C/ p> 7 p3 = (C’ _p) 7 SO qy = (Orzp)/

and if we choose the z axis to lie along p, then g has only a z component—
that is, there exists an inertial frame in which g* = (0,0,0,¢). In this frame
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guL" = qL?"’ = 0,s0 L% = 0, and (since LM is symmetric) this means also
that LY3 = 0. Written out as a matrix, then,

-0 -0
LM = -0 and hence LMK, = -0

. 0 7 VU — . 0
0 0

2R R R R

000 000 Xxx
does not depend on the “x” entries (since they are all multiplied by 0; we could
just as well set all these entries to zero, in which case g, K"" = 0. Moreover,
since this is a covariant equation, it will then hold in any reference frame.

(Note that K* is a symmetric matrix.)

Problem 8.5

Using the first footnote on page 281, p - g = —¢%/2:

Ky Ky
wo_ _ v e . v
quK K™+ ez P OP + ey
1

K K
_ v 2 2 D5 9 2 v | D2 _
= (M2 {q [ Kqi(Mc)” + Kgg 74 } +4g°p [ 5 +K5}} 0.

K
2 v 5 . v 2 v
T7+ ey [(P 94 +qp}

: K K
pugu K" = { (17/1 C‘;z {Kl(Mc)2 +Kyg® — ;qz} +q {22 - Ks} }

2
_ 9 Ky Ks 5 _
= 5 |:K1 (MC)zq + 2(Mc)2q K2 + 2K5] =0.

2Ky = (Mc)? [Kl — Ky +Ks (2 + 2(;7/1)2” :
Use this to eliminate Ky in line 2:
v 2 2 q* Ks ;>
q {—Kl(Mc) + (Mc) {Iﬁ - K+ Ks <2+ 2(Mc)2ﬂ 51 }

K
+ q7p" {—22 + K5} =0.

2.V
(Mc)?q"(—Ky + 2K3) + qu (“K» +2Ks) =0 = Ky = 2Ks.

Put this into the expression for §%Ky:

2 2

2p . _ 2 q _ 2 q
q K4— (MC) |:K1—2K5+K5 (2+2(]VIC)2>:| —Kl(MC) +K53
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Mc)? K
1<4:1<1( 2) +22 v
q 2

Problem 8.6

From Eq. 8.13, for a “Dirac” proton

K =2 {phpl + pipl + 8" [(Me) = (p2 - po)] |-
Use ps = q + p2, and drop the subscript on py:
K =2 {P”(q” +p7) +pi (g +pf) g [(MC)2 —p-(g+ P)} }
=2 {P”q“ +plgt +2ptpt g [(MC)2 + %2 - (MC)ﬂ }
(where Tused p - g = —g?/2 and p?> = (Mc)?), or
KM =2 (phq" + p'q") + 4p"p" + 8¢

Comparing the generic expression (Eq. 8.18):

1Y K 1 1
K= <_gw i qqg ) i (Mi)2 (PF " qu> (pv " qu>
K
2(Mc)?

K K
+pipt s — g Ky + gl <q§ +

— }41/ 1/]4
(pq" +p"q") Mo

weread off |K; =4(Mc)?| and |K; = —¢*|.
Meanwhile, from Eq. 8.24,

Gt — [¢°/(2Mc)?]
1—[q?/(2Mc)?]

Ko = (2Mc)?
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Problem 8.7
Putting Egs. 8.13 and 8.18 into Eq. 8.14:
4
(M) = S {pps + pinh + [(me)? = (p1-po)] }
Guqv K
X {Kl (8w + p ) + (Mc)? (PV + %‘7#) (Pv+ %%)}
4

, Caps-
_ q%f{Kl [—2;71 ~P3—4(MC)2+4P1-p3+2W+(mc)2_m'p3}

+(A€I<§)2[2(P1'P+%P1‘LI> (pa-p+3ps-a)

+ (p+1a)- (p+1a) [(m0)* = p1-ps] ] }

— Z;Zf{Kl [(Pl'PB)—3(mC)2+2(p1'qggmlq)}

+ (1\2)2 l2(m p)(p3-p)+ (pr-p)(p3-q) + (p1-9)(p3- p)

+ (1) (ps- ) + (P + () + 44%) [(me) = (pr - p3) 1 }

Now

I=pi—p=p—ps = @=pitpi-2p-ps=2][(mc)—pi-ps]
prq=pi—pi-ps=(mc)*—pi-ps= 3¢
p3-q=p1-p3—p3=p1-ps— (me)*> = -3¢

PP = (M), p-qg=—1f

So the coefficient of K; reduces to

(1) =30m+ 5 (L) (<4) =201 o) - 46mer’,
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and the coefficient of K3/ (Mc)? becomes

2(p1-p)(p3-p)+ (p1-p) (‘f) +(ps-p) <c722> +% (q22> <_q22)

+ [(MC)Z_‘f+‘72} ’Lz

242

2 2 2

= 2p1-p)ps-p) + % [—(Pl—Pa)'P—q4+(Mc)2—1]
2

= 2(p1p)(ps - p) + 5 (M),

Problem 8.8

From the text,

!/

E .. .
p=(Mc,0), pr = —(1,pi), ps = —(Ls), p1-p = ME, p3-p = ME,

/

EE',. . .. EF EE'
p1-p3 = C—z(l —pi-Pr) = C—z(l—COSG) = ZCTSIH 6/2.

From Problem 8.7 (with m — 0)
EE' .
7 =2 [(mc)2 —(p1- pg,)} = —4C—2 sin?6/2.
Putting this into Eq. 8.19:

48e
[4(EE' /) sin?6 /2]

EE' EE
C C

EE’
(M) = {Klzcz sin2 /2

4.2

8eC€ .2 2

=297 2K;sin“8/2+Kycos“0/2%. V
4EE/sin49/2{ 18I 0/2 4 Ko cosm0/ }



Problem 8.9

In the lab frame (see p. 282),

E . E’ . o
Plzz(l,p,-), P3:?(1rPf)/ pi- Py =cosb, pr=(Mc,0).

From energy-momentum conservation,

E—E Ep;i—Ep
P4=P1+P2—P3=<M6+ P l I,

But p3 = (Mc)?, so

_EN? (Epi—E'pr\°
e = (e + EZE) (pr)

(E—E)® E2+E?—2EE cosf

= (Mc)> +2M(E - E') + 3 3

2EE'(1 — cosf)
2

7

= (Mc)?> +2M(E—E') —

or
EE’ EE'
M(E—E') = ——-(1—cosf) = —-2sin?6/2.
( ) cz( cos0) 2 2sin /

2 E
ME = F' M+sin29/2); E = .
( c? 1+ (2E/Mc?)sin?6/2

Problem 8.10

For a “Dirac” proton (Problem 8.6), K; = —¢? and K, = (2Mc)?, and the

Rosenbluth formula (Eq. 8.23) becomes
do ol ZE
= —— ) = |=2¢%sin?0/2 + (2Mc)*cos? 6 /2| .
0 <4MEsin29/2> £l /2+ (2Me) |

If mc®> < E < Mc?, then E/ ~ E (Problem 8.9), and g2 is
q

2

EE’ E- .
(p1— pg)z = }9% + p% —2p1-p3 = 2m?c? — ZCT(l —cosf) ~ 74C—2 sin? 0/2,

155
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SO

do oh 2 ahic 2
=~ ———s—— ) 4M?c®cos’§ 2:() 20/2.
a0 (4ME sin29/2> s 0/2=\2Esinzas2) Y
But for a highly relativistic electron (mc?> < E), E = |p|c, so

2
d—g ~ (“hz) cos20/2.
aQ 2|p|sin“6/2

Compare this with the Mott formula (Eq. 7.131):
do ah 2 9
— = — mc)“ 4+ p-cos 6/2|,
dQ (2p2 sin29/2> [( e /
which reduces (in the case mc < |p|) to

do ah z
(M 0/2. v
a0 <2|psin29/2> cos™6/

Problem 8.11

[The answer is given in the text.]

Problem 8.12

From Eq. 8.28:

so, under the action of U,

010\ /1 0
r—loo1|[o]=[0]=¢
100/ \o 1
010\ /0 1
b— (001]|1]=(0]=r
100/ \o 0
010\ /0 0
g— (oo1]|o]=[1]=0
100/ \1 0
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Likewise, 7 — §, b — 7, § — b. Thus (Eq. 8.29)

3) = 13") = (8 — ")/ V2 = a3) + BI8)
a(r? — E/\f—i—ﬁ(rr—i—bb 2¢3)/V6

(-2 )+ (U5 7) + o (-7 7%

Evidently
1L _ B |4__V3
V2o e P
(e BN_x 1 _ 1
V2 (ﬁ*ﬁ) V2 2y YT 2
(BN _ 1 V3
0_( ﬁ+\@)_2\@ 2\/6_0' d
Similarly

18) — [8') = (g§ + 7 — 2bb)/\/6 = 7|3) + 5|8)
= y(r7 — bb)/ V2 + 5(r7 + bb — 283) / V6

~se(2p) o (G ve) o (-0 s)

Evidently
1 ) 1
— =2, 5= —=
V6 V6 2
1_«7+5>_7_1 _ V3
Ve \v2 Ve) vz 26 |1 2
_2(_7+5>_V§_1_2 v
V6 V2 V6 2v2  2V6 N
Problem 8.13

There are 64 matrix products here, and we need to calculate the trace of each
one. I think it’s time for Mathematica. First define the 8 lambda matrices
(Eq. 8.34), then construct a matrix whose ij element is Tr(A'AJ):



158 | 8 Electrodynamics and Chromodynamics of Quarks

ml = {{0, 1, 0}, {1, O, 0}, {O, O, O}}

nm = {{0, -1, 0}, {I, O, 0}, {0, O, O}}

m = {{1, 0, 0}, {0, -1, 0}, {0, O, 0}}

m = {{0, 0, 1}, {0, 0, 0}, {1, 0, 0}}

b = {{0, O, -1}, {0, O, O}, (I, O, 0}}

6 = {{0, 0, 0}, {0, O, 1}, (O, 1, 0}}

nv = {{0, O, 0}, {0, O, -1}, , 03}

me={{1/v3, 0 0} {o.1/v3, o} {0 0 -2/V3}}

M= {ml, n2, n8, m4, nb, n6, n¥, n8}

{0, 1

Mat ri xFor m[Tabl e[Sum[ (Part [M i].Part[M j1)[[k, k11, {k, 331, {i, 8}, {ji, 8}11]
(2 0 0 0 0 0 0 0)
02000000
00200000
0002 0O0O0O0
00 0O020O00O0
00 O0O0OOZ2O00O0
00 O0O0OOUOTZ20
0O 0O0O0OOT OO0 2)
Problem 8.14
From Problem 4.19:
ool = 8 +ielikgk
oo = o1 4 iefko* = 6 — etk gk,
Subtracting,
[0, 07] = 2ie'lko*.
Evidently | fi/k = 'k |.
Problem 8.15

(a) There are 8 ways to choose «, and (since § must be different) 7 remaining
ways to choose 8, and 6 ways to chose 7. But the ordering of the three indices
doesn’t matter (by antisymmetry the different orderings differ at most by a
minus sign), so we divide by the number of permutations on three objects (3!),

and the answeris8 x 7 x 6/3 x 2:.
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(b)

(AL, A2]

010\ (/0—i0 0-i0\ (010

(100) (i 0 0)—(1' 0 0) (100)

000/ \0 00 000/ \000

i 00 —i00 100

(0 —i 0) - (o io) =2 (o -1 o) = 2iA% = 2if 127\
000 000 000

Evidently f127 = O unless v = 3,and f1® =1. v
(c)

010\ /1 00 100\ /010
(AL A = (100> (o -1 o) - (o -1 o) (100)

000/ \0 0 0 000/ \0o00
0-10 010 0 i0
(1 0 0) — (—100) =2i (—iOO) = —2iA% = 2if1BT\Y,
000 000 000

Evidently f137 = 0 unless v = 2, and | f*2 = —1|(so f1?* = 1, which we
already knew).

001\ /00 —i 00 —i\ /001
(AN = (000) (00 0)(00 o) (ooo)

100/ \io o ioo) \100
i00 ~i00 10 0
(00 0)—(0 00>_2z’<00 0)
00 —i 00i 00 -1

=2i (;)\3 + \égAS) — 2if45'y}\fy.

Evidently f47 = 0 unless v = 3 or 8, and | f** = !

V3
2/ .

458 __
7= 2

Problem 8.16

(a) Here

0 0
1 =C3 = 1 , C) =C4 = 0l1.
0 1
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0 0
[(o 10) A% (1)] [(o 0 1) A® (o)] A
0 1

The only A matrix with a nonzero entry in the 33 position is A8, so

From Eq. 8.47,

NH

f=

- 10-3 () (5) - -

(b)
1 0
c1=cp=|0], for the first term, c; = ¢, = | 1| for the second :
0 0
11 1 0
f=2—= (A [0] | [(100)A%y] — [cEA% [ 1] ] [(010)A%cy]
4v2
0 0
The outgoing quarks are in the same color state (17 — bb)/+/2), so

1 0
3 =10C4 = (O) , for the first term, c3 = ¢4 = (1) for the second.
0 0

There are 4 terms in all:

o (oo )




1
f = 5 (A1 — Ap ALy — Ay + AA%) =

3 [(/\%1/\ + )\117‘11>

) ()\32)‘32 + Azz)\zz)}
+

NN OOM—\

- ()\%1)\%2 + /\51/\%2) (/\12/\21 +AhA

-l () ()]

@)+ () ()] + [(1)(1) n (

1 1 1 1 4

—_

)
1

S
N—

(c)
11 Tty ! o Ty 0
f_4\@{|:c3)\ (8)] [(100)A%y4] + |c3A (é)] [(010)A%cy]

0
—2[c A% )] [(001))\%4}}
1

There are nine terms,

11 1
f= 166 [(AM11AT) + A Ay — 2A5;A5) + (ApAg; + A%Ag, — 2A3,A%3)
— 2(A3A3 + AA3 — 2A53A5;)]
1
= {0+ +a+) 204D+ +1)+ (14+3) —20+1)
- 2[(1+1)+(1+1)—2(§)}}
1 1
= 244242444416 —4) = —Z2.
24( + + + + ) 24( ) 6 v
Problem 8.17

Applying the Feynman rules, .# =

i [5(z)c; <_iéz’mw> clu(l)} (W) [a(:«;)cg (—%Aﬁny) 040(4)] ,

with g = p1 + p2 = p3 + ps. Or,

|161
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Comparing the QED result (Eq. 7.109), we obtain the color factor

f= i (CE/\”‘cl) (cg)\"‘q) .

In the singlet configuration,

1 0 0
— )le o o
f {(100) (8)+(010)/\ ((1))+(001)/\ ((1))]
1 0 0
x (100)A“<0)+(010)A“(1)+(001)/\“(0)]
0 0 1

(Tr)\”‘) (TrA%) = 0],

N
%\H

ff

since the lambda matrices are all traceless (Eq. 8.34)—a color singlet cannot
couple to a color octet (the gluon).

Problem 8.18

Starting with Eq. 8.57:

f= 1 [C}L/\"‘cl} [ci)x"‘cz]

zgucw OOt )
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1 1
f= 3 (M1An + Ap AT, + APAS + AAY) = 1 (AMf1A% + MaAs)
1
=1 ()ql/\gZ +ABAS, + AL + A%Z/\%l)
— 1o+ (55) () 0w+ o)
4 Vv3/) \V3
- 1 1 B 1 é _[1
_4( 1+3+1+1)_4(3>— 1.
Problem 8.19
1 4
(a) AL = ARAS +ARAS, = (1) (1) + (1/V3)(1/V3) =1+ 373
2 4
Lo -imm=2-2=% v
(b) Mirg = AL + ARG = (-1 + () (52) = —1+5 = —3
V3 V3 3 3
? 2
=0-31)(1) = -3 v

MoAdy +AA5 = ()(1) + (—i)(i) =1+1=2

2()(1)—-0=2. V

(d) Tr(AA%) 2/\“2\“ = Y (2043 — 263j0;1)
ij

(c) 120

DAL ;o5

WIN

(3)=18—-2=16.v

3
= 2251‘1' 25]']' ~3 251‘1' =2(3)(3) -
=1 j= i=1

Problem 8.20

Start with Eq. 8.69:

ga)\ 5:)7

7 M 5]
x [guo(—p3 + pa)a + Soa(—Pa — @) + 8 (7 + pa)u]lefas] el

g; 627" u(1)] (F#7a3a}) [c3a7el]

X [(e3-€1)(—p3+pa)r —€3- (pa+q)esy + s (p3+q)esn]

M3 = o)} [~iE Ny w(1)ey [—z
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Now,
q=p3+Ppa 42:2173'}74, €3-p3 =€4-ps =0,
SO
€3-(pa+q) =2e3-ps, €1-(p3+4q)=2e4-p3,
and hence
M3 = (Ps o2) {9(2) [(e3- €4)(Pa — pP3) —2 (€3 ps) s+ 2(€4 - p3)¢a] u(1)}
(f“57a3a4) [c})ﬂcl} .V
Problem 8.21

Replace €3 with p3 in Eq. 8.67:

My — *%S pllpe, {6(2) [a(p1 — P+ me)pa) u(1)} alal (CE)\ﬁ/\acl) :

Now (p1 — mc)u(1) =0, so

(p1 — pa+ me)pau(1) = (p1 — ps + mc) (ps — pr + mc)u(1)
- {(ﬂl - V3)2 - (mC)Z} u(l) = [—(Pl - Ps)z + (mc)z} u(1)
(Tused yfz =dd = a?.) But

—(p1—p3)*+ (mec)* = —pi — p3 +2(p1 - p3) + (me)
= — (mc)® — 0+ 2(py - p3) + (me)*> =2(py - p3)

2

So 2
My — =85 [p@)dau(1)] aaf (5APA%ey)

Similarly, replacing e3 w1th p3 in Eq. 8.68:

2
My = — 5 (00) [pa(pr — i me)a] (D)} e (1720

But 9(2)(p2 + mc) = 0, so
0(2)ps(pr — pa+ me) = 0(2)(ps — po — mc)(p1 — Pa + mc)
= 0(2)(p1 — pa — me) (p1 — pa+me) = 0(2) |(p1 — pa)? — (me)?]
= 9(2) [(p1 = pa)® = (mc)?)| = 2(2) [~2(p1 - pa)]..
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So
Q2

Mo — £ [p@)dau(1)]) g (FArPey ).

Note that this would cancel the change in M, except that the lambda matrices
are in the opposite order:

M+ My — & [0(2)¢au(1)] agaf (cFA" APley ) .

But [A%, AP] = 2if*FTAT (Eq. 8.35), so

M+ Mo — 55 [o(@)gau(1)] el 287 (c3A7cy) .

Meanwhile, (Eq. 8.70)

M; —>1gs
4 p3-ps

{0(2) [(p3 - €4)(Pa — P3) + 2(p3 - €1)P3 — 2(pa - p3)¢a] u(1)}

X a aﬂf”‘/37 ( 1L/\“Vcl)

%45 p31p4 9(2) [(p3 - €2) (Pa + P3) — 2(pa - p3)éa] u(1)alal f2P7 <C§A761>

But
0(2)(Pa+ p3)u(1) = 0(2)(p2 + p1)u(1) = 9(2) (me — meju(1) = 0,
S0
M — —i55 p@u(D] a3a 7 (SA7er )
which precisely cancels the change in My + M, v

Problem 8.22

Most of the work is done in the statement of the problem. Filling in the details
at the end:

Te(NiNp) = Tr { [Ml - %Tr(Ml)} [MZ - %Tr(Mz)] }
= Tr(M;M;) — 5T (My) Tr (Ma) + §Tr (M7) Tr (M2) Tr (1) .
But these are 3 x 3 matrices, so Tr(1) =3

Tr(N1Np) = Tr (M M) — 3Tr (My) Tr (M) .
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Now

Tr(MiMp) = (r7)1(r7)2 + (rb)1(b7)2 + (r§)1(87)2 + (b7)1(rb)2 + (bb)1 (D)2
+ (b3)1(80)2 + (87)1(r8)2 + (80)1(b3)2 + (8)1(88)2

Tr(M1)Te(My) = [(r7)1 + (bb)1 + (88)1] [(17)2 + (bD)2 + (83)2]
(rP)1(17)2 + (r7)1(bb)2 + (17)1(88)2 + (bb)1(r7)2
(bb)1(83)2 + (88)1(r7)2 + (83)1(bb)2 + (88)1(8%)2

+

+(bb)1(bb),
So

Tr(NiNp) = (1)1 (17)2 + (rB)1 (6F)2 + (1)1 (gF)2 + (6P)1 (rB)2 + (bB): (D)
+ (b8)1(8D)2 + (87)1(r8)2 + (80)1(b3)2 + (88)1(88)2
= [0z + (P2 (BD)2 + (7)1 (82)2 + (01 (17)2

+ (bb)1 (BB) + (BB)1(83)2 + (82)1(r7)2 + (83)1(bD)2 + (38)1(82)2]
= 3[(P1(r7)2 + (BB (WD) + (821 (38):
+ [(ﬂ‘»h(b‘)z +(rg)1(g7)2 + (07)1(rb)2 + (b2)1(80)2 + (87)1(18)2
)2
- %[(rr) (bb)2 + (r7)1(88)2 + (b0)1(r7)2 + (bD)1(88)2 + (88)1(r7)2
+ (88)1(0D)2]
Meanwhile (Eq. 8.29),

i |111>1|1’l>2 % [(1’1_7)1 + (b?)l} [(1’1_7)2 + (bi_’)z]

n=1
(TE)l — (bT’)ﬂ [(Tb)z — b?’ } % [ 1’1’) 1] [(7‘1_’)2 — (55)2}
(rg) + (gP1] [(r8)2 + (87)2] — 5 [(r&)1 — (gT) J[(r8)2 — (87)2]

1
2
b)1 + (b)) [(b3)2 + (gD)2] —
7)1+ (bb)1 —2(8)1] [(17)2 + (

+ o+ A+
Q= NI NI N

3 [(09)1 — (8b)1] [(83)2 — (8b)2]
bb); —2(g8)2)
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— (rb)1(rb)2 + (rb)1 (b7 )2 + (b7)1(rb)2 — (b7)1(b7)2

+ (17)1(17)2 = (r7)1(bb)2 — (bb)1(r7)2 + (bb)1(bb)2

+ (r8)1(rg)2 + (rg)1(87)2 + (87)1(r8)2 + (87)1(87)2

— (r3)1(rg)2 + (r§)1(g7)2 + (87)1(rg)2 — (87)1(87)2

+ (b8)1(b8)2 + (b3)1(gb)2 + (gb)1(b3)2 + (gb)1(gh)2

— (b3)1(b8)2 + (b3)1(gb)2 + (gb)1(bg)2 — (gb)1(8gb)2
+5[(7)1(17)2 + (17)1 (bb)2 — 2(r7)1(88)2 + (bb)1 (r7)2 + (bD)1 (bD)2

Problem 8.23
From Eq. 8.90,

m

8 (has\?
e —28) = 5 () WO
For the decay of positronium we had (Eq. 7.168 and 7.171)
47 (ha\? 4t (ha\?
=2 (= r=-(= 2
o= () = r=T (%) wo

In the case of 7. the electron/positron are replaced by c/¢, so the charge —e —
%e, and hence &« — %oc. Meanwhile, the amplitude picks up a factor of 1/ V3
(from Eq. 8.30) for each of the three g7 pairs, and there are three of these, so
the color factor in the amplitude is 3/+v/3 = /3, so Eq. 7.168 is multiplied by
3—and Eq. 7.171 inherits this factor:

rie -2 =3(3) 22 (%) wor = (2) 2 (%) wor

Thus
I'(n, — 2 9 g\ 2
o= (5) ()
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Problem 8.24

(@) « — oo when the denominator — 0:
u |q|2 |l7 31/
(37{) 1 ((mc)2> of (mc)? ¢

E = |g|c = mc2e¥/?% = (0.511)e>7(137)/2 = (0.511)e™0
= (0.511) x 10%6108¢ —[ 0.5 x 10! MeV|.

(b) )
W —e = allgP) = (1+e)()
DC(O) = €)X
T~ [a(0) /3] g/ (mey?] ~ (1 +€)(0)
11? ~1—e=1- [a/37]In[|g[2/ (mc)?]
w lq> 71 9> 1 3me
3" [(wa)z} e = me)z} e
|‘ﬂ2 _dme/a | _ Iqlc — mc2e3me/ 2
(mc)? / '
For e = 0.01,

E = (0.511)e%037(137)/2 — (0.511)e%40 = 326 MeV |.

Yes, this is an accessible energy.

Problem 8.25

It is simplest to work with the inverse of Eq. 8.93. We assume this is valid for

Ha: )
1 1 11n -2
L INGS)
as(lgl?)  as(pz) 12n Ma
It follows in particular that

- 2
12 _ L L n—2f) iy
as(uy)  as(pg) 12 Ma




Solve this for 1/as(u2), and substitute back into the first equation:

1 1 (11n —2f) M (11n —2f) (Iq2>
= — In| 22 RS2 P s A B
s(P) ~ wGg) 12w ( )T e
1 (11n — 2f) lq|% u2 1 (11n — 2f) |q)?
= + In == + In| 5.
s (1) 127 ( w2 ) (i) 127 02

So (the inverse of) Eq. 8.93 also holds for . v

Problem 8.26

Starting with Eq. 8.93, use In(x/y) = Inx — Iny in the denominator:

ws(lq) = ()
s\ 14 [as(p?)/127t] (11n — 2f) In |g|? — [as(p2) /127t]) (11n — 2f ) In 2

Substitute In A2 + 127t/ [(11n — 2f )as(u?)] for In y? (Eq. 8.94) in the last term:

(la) = ()
() = T ) 712 (= 27 (g P7A%) —
_ 127t Y
= {0 =2 (/A7)

Problem 8.27

Equation 8.95, with n = 3 and f = 6 (the Standard Model values) gives

e — 127 _ 27
* 7 21In(|g|lc/Ac)? — 7In(|g|c/Ac)

(This assumes |g|c > Ac, which is true for all the values used here.)

Ac=0.3

2n
10 GeV Ng = m =10.256

27
100 GeV = _Jo1
00GeV & = Z1(100/0.3)

Ac=1

2r
10 GeV Ng = W =10.390
271
1 =——— =101
00GeV & = 74 A00/1)
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Ac=0.1

10GeV a5 = Za(10701) 10/01 0.195

1 = _fo1
00GeV a = 71r1(100/01

Problem 8.28
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9
Weak Interactions

Problem 9.1

p'=(%0,0,pl);  (p°)* - p*= M32%
65,1) - (0/ 1/010)1 e](/l) (0 0 1 0) ell (u O’O’b)

0
eﬁ?W =ap’ +blp| =0 = b=— (I;;ﬂ> v

2 2
@) @) _ 2 2 _ 0 _ a
€ € =a-—b P2 (p p )

)_

o (M
el a= Bl p e P - (pl 000,
Cee =ororat= Bl —qwe il = B
;eg%gsf‘ —14+0+0=1, —gn + (f\’/}f)g) =1;
;eés)egs)* =0+1+0=1, —8&» + (ﬁcp)é) =1
;eés)eés)* =0+0+0%= ((]CIOC))ZZ' —g33 + (];\7/?532) = ((]\?fc))zz"
°Ip| pors _ —1lp|

(5) (9% _ (). _ , _ ~P _ =
Leoes =Lea == 80T Gz =

(all other combinations are zero). This confirms Eq. 9.158.
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Problem 9.2

Let e = c4/cy, and drop the two terms involving an odd number of gammas:

T=Tr [y"(ev —can”)(pr +m10)7" (v = can®) (P2 + mac)| =

cy 4 Tr [7”(1 —er)pr' (1 - evs)iﬂz)} +mymyc® Tr [7"(1 —er)y'(1- 675)}

Ty T,

T, = Tr(v"9") —e Te(v"7"y°) —e e (v 7°9") +€*  Tr(v"*1°7"7°)

L/ — T’
gt 0 0 —Tr(y595ylyY ) =—4gH
= 49" (1 —€?).
Ty = Te(vY' 1y p2) — €T (Y iy v ) — €Te (V' iy p2)
+ 2T (Y 1y Y p2) -

Tr(v' ' pa)

AV AT

Tr(Y' P17 p2) = piap2, (YY" 7)) = 4p1,p2o (88" — 88" + §M78™)
= 4(plps — 8" p1- P2+ PiPh)-
Te(Y" 1y pa) = —piap2, Te (¥ v ' 7)
—4i€”’\"‘7pup20.

Tr(v" p17 7 p2)

So
Ty = 41+ [plps + piph — (pr - p2)g" | —Bie(pipas)e™™,

and

T = 40%{ (1+€%) [phps + PPl — (p1 - p2)g™| = 2ie(prypag)em™™
g (1~ )}

=4 (b +c4) [Plrs+piph = (pr-p2)g| +4 () — &) mumacgh

. A
— 8icyc s p1y P2,

Problem 9.3

(a) In place of Eq. 9.6, we have

2
M = W {ﬁ(3)’yy(1 +ef,5)u(1)] [”(4)%1(1 +675)u(2)] '



Casimir’s trick runs as before, yielding (in place of Eq. 9.7):

1 g2 2
(MP) =3 |gass] T [ er)in+mer (i ex®hp

A
X Tr [7(1+ €7 o (1 + €9°) (i + myc)|

By

Using the result of Problem 9.2,

A = 4(1+€) [phpS + PPk — 8" (pr - ps)| + iee™ py, ps,,

Byy = 4(1 +¢) [Pzﬂ Pa, + P2,Pa, — 8uv(pa- m)} + Bieeuupe i pi-

Note that in each case the first term is symmetric, and the last antisymmetric, in
u < v. S0

ARV By, = (8P (M ege) pr, s, PAPE + [41 4]
< { |5 + P — " (p1- ps)]| [pupa, + p,ps, — (P2 pa)| }
= — (8e)2(~2)(8)07 — 5185 pr, paplpE + [40+ )]
X {(Pl -p2)(p3 - pa) + (1~ pa)(P2-p3) — (p1-p3)(p2 - pa)
+ (pr-pa)(pa-p3) + (p1r-p2)(p3- pa) = (p1-P3)(p2- pa)
= (p1-p3)(p2-pa) = (p1-p3)(pa - pa) +4(p1-p3)(pa- P4)}
= [0+ 2l p2) (s i) + 2001 pa) (P2 o)
+2(8€)* [(p1- p2)(p3 - pa) — (p1 - pa) (P2 - p3)]
=32{(1+ )2 [(pr-p2)(ps - ps) + (pr- pa) (p2 - p3)]
+4€? [(p1 - p2) (p3 - pa) = (p1- pa) (P2 p3)] }
=32{(p1-p2)(ps- pa) (14262 + € + 4e?)
+(p1- pa)(p2- pa) (1426 + ¢! —4e?) |

=32 (1466 + ) (p1- p2)(ps - pa) + (1 =€) 2(p1- pa)(p2- p3)] -
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(0P =| 7 (2

5o ) 6+ )1 pa) (- ) + (L= 21 pa)(p2- o)
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When € = —1, the second term drops out, and (1 + 6€% + €*) = 8, so

4
(IMP?) =2 (Aﬁ:\/c> (p1-p2)(p3 - pa),

in agreement with Eq. 9.11.
(b) In the CM frame, with m, = m,, = 0:

_(E N _(E__ N., _(E__\., _(E
p1 = C/P1 ;P2 = c’ P1);pP3= c’ P47 Pa= C/P4 .

E? E? E? E?
(Pl'PZ):67+P%:C7+C7:2C7:(P3'P4)/
E2 EZ 2

E
(p1-pa) = PR A sz—p2cos9: C7(1*C059) = (p2-p3),

So

where 0 is the angle between p; (the incoming electron) and p4 (the outgoing
muon).

(M2 =1 (Ai’;’v)

+(1 —€2)? (fj)

_ (8eE Y (1466 + ) + (1 — )2(1 — cos0)?| .
(Fhne) | ; |

2
(14 6€2 + €*) (2E2)
62

2
(1—cos 6)21

From Eq. 6.47,

do he \2 (IM]2)
a0 (87r> (2E)2

2 2
_ | 8wE \"he 1
[\ Mwc?2) 8m2E

5 2
= <W> {(1+6€2+€4)+(1—€2)25in4 g] ]

1 2
(14662 +¢e*) + 2= €?)? (2 sin? g) ]

167tM2,c3

The total cross section is ¢ = [(do/dQ)dQ). The first term integrates to 47
(no 8 dependence). The second term gives

s
/sin4 g sinf do d¢ = 27TjI / (1 — cos8)?sin 6 db
0

7T

2

(1 fc089)3‘: ~ TP ==In

Q=
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So
hg? E 2 1
o= —2" ) 47 |(1+6e>+¢€ 1—€2)2=|.
<16HM%VC3> [( +6e” +e)+(1-¢€)°3
#
#=%(3+18€2+3€4+1—2€2+64):%(44-1662—0-464)Z%(1+4€2+64).
Evidently
1 ( nE \’
. w 1 4 2 4 .
o=l <4M%vc3> (1+4e”+€%)

(c) The sign of € cannot be determined, unless you actually study the incom-
ing/outgoing spins, because the spin-averaged amplitude only involves €.
You could determine €? from the total cross section, if you had very good
values for g, and M. But it would be better to study the differential cross
section as a function of angle. In practice you would find no angular dependence,

and this would indicate that €2 = 1.

Problem 9.4

Equation 9.28 says that (|p2| — |ps4|) < u— and (|ps| — |p2|) < u— (since u_ is
the greater of the two). So the first inequality in Eq. 9.29 holds if (and only if)
the following two inequalities are true:

Ip2| — Jpal < my —|pa| — pdl, or |[pa| < Fmyc,
P4l —M < my —M— lpsl, or |pa| < %myc.

The second inequality in Eq. 9.29 holds <

muc — |pa| — |pal < [p2| + |pal, or |pa| + [pal > myc.

Problem 9.5

T — Y+ Ty + v isjust like g — e+ 7, + vy, so the rate is given by Eq. 9.34.
(Note that my /m¢ = 0.059, so it is reasonable to assume my K m<.) The rate
goes as the fifth power of the decaying particle’s mass. But the T can also go
to e + U, + v, with the same rate. So

3 5
7(T — leptons) _ or|T = 1 /my .
T(u — leptons)  2m3 me

2
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Numerically:

Tt =5 (1777> (2197 x 107°s) =[8.16 x 103 s |.

The actual lifetime is 2.91 x 10713 s. The discrepancy is due to the fact that
the T has many hadronic decay modes, in addition to the y and e routes. In
fact, the experimental branching ratios are 17.4% (y) and 17.8% (e), for a total
leptonic branching ratio of 35.2%, so T = (0.352)7(leptons) = (0.352)(8.16 x
10713 s) = 2.87 x 10713 5, which is quite close to the experimental result.

Problem 9.6

For vector coupling Eq. 9.15 becomes
e
[ < LY K i
M 8(ch)2 [u(3)7 u(l)] [u(4)7ﬂv(2)] 4

which is a special case of Problem 9.3(a), with € = 0 (also v(2) in place of u(2),
but since this is a neutrino, the completeness relation gives py + myc = psin
either case):

4
(MP) = 5 (3522) [ p2)(pa )+ (- ) (o)

(in place of Eq. 9.16).
In the muon rest frame (Egs. 9.17 and 9.19)

(m2 —m2)c?
p1-p2= mﬂEZ' p1-pP4s= myE4, p3-ps = — 5 mFEZ.
Also,
(p2+p3)> = Pa+p5+2p2-p3=2p2-p3 = (p1 — pa)’
= p}+p3—2p1 - ps = mi +mic® —2p; - ps.

50 ( 2 2) 2

ms +ms)c

PZ . ps — % — m‘uE4.

Let m, = 0 (as in the book); then

(IM]?) = 31 <A§Zc)4 [muEzmu (%mucz - Ez) + my Eqmy (%mVCZ - E4)}

2
1(&&my
= 3 -2 —2lpa))] .
8<M§Vc [p2] (e = 2|pa]) + [pal (muc — 2[pa])]



This is identical to Eq. 9.20, except for the overall factor of 1/8 and the extra
term with |p4| in place of |p2|. The |py| term yields (quoting Eq. 9.32)

1 Sw 4 my (myc 2 3
Ty = - M (e 2 d
273 <47TMW) 2\ 2 3Pl ) APy

while the |p4| term is (from the first line in Eq. 9.32)

1

1 Sw N my d3p4 /7myc
dr, = = —L -2 d
4 8 (47TMw) fic2 |p4|2 |p4|(myc |P4D %m;zc—‘Péﬂ |p2‘

P4l

1 4
=3 (47§I\ijw> h?}zl (myC—2|P4|) d3P4-

Combining the two,

1 Sw 4mV 3 8 2
=3 <4nMW) 5 (3myc = §lpal) 47tlpal dlpal,

or, in terms of the electron energy E = |p4|c:

a3 g \' MR (e
dE 8 \ Mwc ) 2h(4m)3 Imyc? )’
The dependence on E is not the same as before (Eq. 9.33)—16/9 in place of 4/3

in the last term—so the electron spectrum (Figure 9.1) would be for
pure vector coupling.

Problem 9.7

Use Eq. 9.33, with B = Jm,c:

L C L Ll (D ot L
f(d% dE fdﬁgz( _%) dE (%Eg_%%ﬂ) ’5
B (- & y
2080 ()-[5]
Problem 9.8

2
M= gt [1E (e u()] |

=i
—~~
iy
SN—
=
=
—
—_
\
=
&)1
S—
[
—
N
S—
| S
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1 g2 2
(IMP) = 5 [Ww)z} T[4 (1+ey”) (pr + me)y (1+e9”) (s + msc) |

Al
x Tr [W(l — ) (P2 — mac) 1y (1= 2°) (Pa + m4c)}

By
Using the result of Problem 9.2, withcy — 1, € — —¢,2 — 3, m; = m, and
mg = My
A = 4(1+€) [plps + piph — 8" (p1 - pa) | +8iee™ py, ps,
+ 4mpmnc2g””(1 —€?),

and similarly, with y and v lowered, e — 1,1 — 2,2 — 4, and mp = my = 0:

Byy =8 {PZF P4, + P2,P4, — Su(p2- P4)} - 8i€w¢TP§PZ-
Note that in each case the first term is symmetric, the second antisymmetric, and

(in AM) the third is symmetric, in y < v. So A¥By, is

32{(1 +é?) [Pi‘ Ps+pips — 8" (pr- Pa)] [pz#p4v +p2,pa, — guv(p2- m)]
+2¢(p12P3o P PE)E N Epugr
+ (1 — €*)mymyc*gh’ [szmv + p2,pa, — §uv(p2- P4)} }

or (using Problem 7.35(b) for the middle term):
AW By = 32{2(14+€) [(pr- p2) (ps - pa) + (p1 - pa) (P2 - p3))

—4e[(p1-p2)(ps-pa) = (p1-pa)(p2-p3)]
=2(1 = )mymuc®(p2 - pa) |

= 64{(p1- p2)(ps - p2) (1 =€) + (p1- pa) (P2 - pa) (1 + )
— (1= €)mpmuc*(pa - P4>}
So

4
(MP) = 5 (552) {1 p)(pa- )1 - o

+(p1-pa) (p2- pa)(1+€)2 = (1= )mymuc®(p2 - pa) }.

When € = —1, this reduces to

(M) = % (Ajﬁ"vcf {4(p1-p2)(ps - ps) },



179

in agreement with Eq. 9.41.

Problem 9.9

(a)

2
2 = |psf? + lpal? — 2palpal + m3c® < (mnc— Ipa] - \/|p4|2+m%c2)
— 20 1 Lpa® + Lpaf? + m2 — 2myclpal — 2mucr/|pal? 1 w22

+2|p2|y/ [pal? + m2c%;

22| (m ol — /Ipal? +mzc2) < (12 — 2+ m2) — 2mnc [|pal? + mi2e;

Jm2 — 3+ n2)c — mucr/Ipal? 22
(mnc — |pal — VIpal® + m§c2)

This is the upper limit on the |p;| integral.
Similarly,

2
2 = psf+ lpa+ 2palpal + mc > (mnc— Ipa] - \/|p4|2+m5c2)
= m,zlc2 +j,pz’|/Z+J,p{\/Z+ mgc2 — 2myclpa| — 2myucy/ |pal? + m3c?

+2|p2|4/ [pa|* + m3c?;

2lp2| (mnc+ ipal — /paP? +m) > (1 — 12+ )2 — 2nc [ |pal? + m2e2;

L(m2 — 3+ m2)e? — muc/[paf? + m2c?
(muc + Ipal = V/TpsP +12%)

This is the lower limit on the |p;| integral.

Ip2| <

Ip2| >
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(b) Start with Eq. 9.52, and eliminate m, (in favor of ém,), |ps| (in favor of
¢pmyc), and my, (in favor of (1 — €)m;,):

3 [m2 — (1 —€)?m? + 6*m2] ® — myc\/$p?m2c2 + 62m3 2

Pe = muc — /¢?m3c2 + 52m2c2 F pmyc
o C[%(l—l+2€—€2+(52)—\/m o C{e—n—i—(éz—ez)/z
" 1- P2+ 825 ¢ ! 1-n%¢
< mcte—n) [1+ 5= 1+ £
2(e =)
22
~ myc(e —1p) [1+n$¢+(25(€__€,7))]

Expanding to lowest order in the small quantities,

p+ —p— = —2muc(e — 1)@,
p++p- = 2muc(e —1),
2 2 . 2.2 2
pi—pr = (p+ —p-)(p+ +p-) = —4dm;c*(e —1)°¢p,
pr 4 pip— +pE = 3mict (e —1)?,

Py =2 = (pr—p) (P +pip- +p2) = —6mc’(e — 1)’

So
a1 [m%l —(1—¢e)*m3 - (SZm%} ct [—4m%c2(e - 17)2¢)]
- %mnc3 {—6m?lc3(e - 17)347}
= 2ni,c®(e — 1) (2e — 29 — 2€) = —4myc®(e — 7).
Problem 9.10

This is a special case of Problem 3.22(a), with mp = 0 (the neutrino). So

S+ mg —m

max — —Zmn c-.
The electron comes out one direction, the proton diametrically opposite, and
the neutrino has zero energy and zero momentum (compare Problem 3.19).
Numerically,
(my — my)c? = 1.2933318 MeV

me = 0.510998902 MeV,  my, = 939.56533 MeV, m;, = 938.27200 MeV
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£ _ 12933318(939.56533 + 938.27200) + (0.510998902)°
max = 2(939.56533)

1-2933i>1289 2—5;56925806 —5812x1-% or [0.058%).

= 1.2925806 MeV

Problem 9.11

(@) Let E; = mec? and E; = (my — mp)cz,' the integral is
E;
2
/1:"1 E\/E2 — E2(E, — E)dE
E, E, E;
= EZ/ E\/E? — E2dE — 2E / EZ,/EZ—EZdEJr/ E3./E2 — E2dE.
2 Jg, 1 2 Jg, 1 E 1

From integral tables,

Ez_l

Ez 1
2 _ 2 :sz—EZB'/Z fEZ—EZ?’/Z'
[TEVE - BaE = S B = S -
E E2 E4
/EZEZ\/EZ—E%dE = [E(Ez—E%)3/Z+81E\/E2—E%—811n (E+\/E2—E%>]
1
2 _ 2
_ B oo o E3E> 2 Z_Ei E2+\/E2 Ef )
(B B2+ g VB -EB-gh| —F—— |

4
Er
E3\/E2 — E2dE =
fEVE-E

E;
Eq

(E2 _ E%)S/z + Er (E2 .y

(Eg - E%)S/z L5 (E% .y
So

1
= BB - )"

2 2
E E2E Ef Er+/E3 - E
—2E, {2 (E3 — E2)3/2 ¢ —18 2JE3—E2—"lin (

4 8 Eq
1 5/2  E2 3/2
+3(B-8) +3(B-H)
1 1 1 1
— /B3 — B3 [SER(E3 — E}) — S E3(E3 — E}) — S ERE3 + - (E3 — ER)?

1 E, + E2 — E2
lp2pz _ E})] - {EiE2In ( V2 1

*3 E;
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1 1 E2+\/E2—E2
I= /B3~ (2B4 — 9E3E} — 8E}) — L E{Epln | — L=

60 4 E

- 1E? [1(2a4—9a2—8)\/a2—1 —aln(a + \/112—1)} ,

4 15
where a = Ey/E; = (m, — myp)/m,. So the integral of Eq. 9.59 is

: ( 1 >41(mec2)5 [115(2”4_9“2—8)m”1n(”+m)'

~ h \2Mpc2 ) 4

(b) If a > 1 (not a very good approximation for the neutron, since in fact a =
1.2933318/0.510998902 = 2.530987, but it would be valid for other semilep-
tonic decays) then the first term dominates, and

1 8w ! 2\5
r= Amc?)s.
3070 <2MWC2) (Ame”)

Problem 9.12

Putting in the empirical value a2 = 2.530987, the term in square brackets in
Eq. 9.60 evaluates to 6.54438, so

6.54438 0.653 \*
I'= 0.5109989)° = 7.5876 x 104 /s,
473(6.58212 x 10—22) <2(80423)) ( ) X /s
and hence
T =1318s.
Problem 9.13

From the Feynman diagram for neutron decay, pw = pn — pp, so (for a neu-
tron at rest) the maximum W momentum is the same as the maximum proton
momentum (in magnitude). For the same reasoning as in Problem 9.10, this
occurs in the limit when the neutrino energy is zero, so it’s essentially a two-
body decay (n — p + e), and hence the proton momentum is given by Problem
3.19(b):

\/(mn + my 4+ me)c2(my + my — me)c(my — mp + me)c?(my — my — me)c?
2(myc?)c
/(1877.9 + 0.5)(1877.9 — 0.5)(1.2933 + 0.5110)(1.2933 — 0.5110)
2(939.6)c

= 1.187 MeV/c.



N b 2m(6.582 x 10722)(2.998 x 108) _ ’ Lotx10-12 m“

Ip| 1.187

This is about a thousand times the diameter of a neutron. So the W is insen-
sitive to the internal structure of the neutron (and the proton), which is why
we were able to treat them as elementary particles in calculating the neutron

lifetime.

Problem 9.14

The Feynman diagram for this process, 7~ (d + 1) — ¢ + 7y, is

Calculating the amplitude:

| ot coste829# 1 = 1%)uin)| iy la) 28291 -4P)002)

X @)% (1 + pa =) (2m)0" (g — 2 = pa) o

Use the first delta function to do the integral (3 — p; + pa), cancel (2 n)4(54( P+
pa — p2 — p3), and multiply by i:

2 CcOS
M= S [0y (1= 1Hu(n)] [t = 71002
Mz_l gi,cosf)c ZT n(1 5 v(1 5
(M) = [ SE0] e 111 ) pr -+ ey (1 = 1) mac)]

XTr [7(1 = 7°) (pr = mac) 1o (1= 7%) (s + mac) |

Here mqy = my = m, my = 0, and m3z = my (but the term in m3 involves an odd
number of gamma matrices, so it drops out).

4
(M) = coc (50 ) e [11(1 = 1) (pr+ m0)y" (1= 2%) (g — )

XTr |7, (1=27)pe7e (1= 17)pa] -

|183
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These traces were evaluated in Problem 9.2; quoting the result (Eq. 9.159), with
cy =ca=1,

COSZQ ! 1% v v  AUVAT
(IMP) = == (A/gI:vc) {[PLPi+pivi = 8" (pr-pa)] — i€ prapac}
X { [PZyPBV + PawP3u — g;w(??z : PB)} - ieVVKTpgpg}

2 4
cos“Oc (& A
4 (1\/1:;6) { — e e papapaPs

+ [P+ PPy — 8" (p1 - o) [Paupau + Pauba — (P2 p3)] |

cos? 6 4
== ( Aﬁ;‘;J (2 (8267 = 8267 ) prapacksps

+2(p1-p2)(p3 - pa) +2(p1- p3)(p2- P4)}

4
= cos” fc (AZ‘;C) (p1-p2)(p3 - pa)-
In the CM frame (pion at rest),

p1=(E1/c,pi), pa=(Es/c,—pi), p3=(Es/cps), p2=(E2/c,—Ppy),

where E; = E4 = mzc?/2 and the outgoing energies and momenta are given
by the formulas in Problem 3.19:

2 2 2 2 2 2
E; = I, E; = il +mg62, lpsl = M
2my 2my 2my
Finally,
2 22 24 o mic? 20 (MnrC\?2
(the quarks are effectively massless, compared to the pion), so |p;| = mc/2.
E1E2 C2
PLP2= -5 ~P1'P2= (mgt_m%)Z"'Pi’Pf;
E3E,4 c?
Patpa = =5 —P3pa= (M7 + i) +pipp
2
c
pi-pr = Ipillpylcos = (i — 1) cosb.
So
2 2, ¢ 2 2 2 2 ¢
pr-p2 = (mk —m}) L (1+cos6), ps-py = (4 m}) + (2 — m?) cos6] -

and (JM|?) is

4
cos?0c [ =52} (m3 — m2)(1+ cos ) [(mi +m3) + (m% — m?) cos 9} :
2Myy



The differential scattering cross-section is (Eq. 6.47):

do _ (he\? (IMP) Iy
dQ  \8m/) (mnc?)? |pi|

2 4
= 2 gw 2 . 2
N <87Tmnc> cos™ fc <2MW) (m5 —m7) (14 cos6)
2 _ 2
x [+ m3) + (2 — m?) cos 6] M
mﬂ'

2
2
_ lhngOSGC( 2 —m2)| (1+cosb) [(Mi+m§)+(mi—m%)cosg]

mo —ny,
R2mmiMi e Tt

and the total cross-section is
2

_ [hgécos()c (m2 2| 2

—m
R2amiMge

7T
X /0 (14 cosB) [(mi +m?) + (m% — m?) cos 6} sin 6 do
The integral consists of three terms:
T 7T
(m% +m3) / sinf do + Zmi/ cos 0'sin 6 d6
0 0
7T
+ (m% — m?) / cos? §sin 6 d
0
= 20+ m}) + 3 — i) = 4202 4 ).
Thus ’
2 |hghcosbc . 5 o 2, .2
= = | 2w 2T (2 2 .
377 ll6m%M%Nc (mr[ m[) ( My +mé)
From Eq. 7.171, the pion decay rate is given by
r = woly ()P,

and v = ¢, since we are treating the quarks as essentially massless. Comparing
Eq. 9.76, we conclude that

203 (2m2 + m?)
2 T l 2 2
=|—— fcly(0 .
fn 3¢ - % Cos C| ( ) ‘

185
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Problem 9.15

If E > mc?, then E + mc? = E. Also, since E? — p?c? = m?c*, E = |p|c, so

cpro) o(po)po_ .
E+me ~ (E/c)  |p| = (@)

e 0= 05 (29
But
(9 )= ( )

However [Problem 4.20(c)], (¢ - p)? = (p)? =

You = ((‘T(')p) (0(-)15)> u. v

N

Now

e p)pen) =5 (TP 05) 1 am
=3[(%7 o) = (0 o) 7]
~0Su *
where

So

1 1
(Z-p)(Pru) = E(’YSM tu) = i§(1 +9°)u = +Pru. v

Problem 9.16

The formula is the same as for 77~ decay (Eq. 9.77), with m,; — mg:

K e ) mmnd—m2)
DK™ — p= +w)  md(mi —m3)?

(0.510999)

)
_ {(493.667)2 — (0.510999)2}1% -
~ [ (105.6584){ (493.667)% — (105,6584)2}} =257 107




The experimental ratio (using data from the Particle Physics Booklet) is

1.55 x 107>
s - =244 %1070,
o

The agreement is quite good.

Problem 9.17

From Example 9.3, we have

4
I = ! ( Ew ) (Amc*)°X?

3073h \ 2Myy 2
1 0.653 \* 2\5v2
— A X
30713(6.58212 x 10-22) (2(80423)) (Ame”)

(1.4123 x 10~%)(Amc?)°X2.

(a)

¥0(uds) — LV (uus) + e+ v, : Amc? = (1192.642) — (1189.37) = 3.372.
d—u:x0 = [(us —su)d + (ds — sd)u] /2 — [(us — su)u + (us — su)u] /2

= (us —su)u =V2E", so X =+2cosfc =1.377.
I = (1.4123 x 107%)(3.372)°(1.377)?> = [0.1167/s .

(b)

Y7 (dds) — A(uds) +e+7,: Amc® = 81.766.

d—u:%" = (ds—sd)d/V2 — (us —su)d /2 + (ds — sd)u/\/2

= \@ZO, so X=0.
r =[o].
(c)
E(dss) — Euss) +e+ 7, : Amc* = 648.

(ds — sd)s| /2 — [(us — su)s|/V/2
=5% so X =cosfc =09738.

I = (1.4123 x 10 %)(6.48)°(0.9738)% =|1.530/s |.

d—u:5" =

187
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(d)

A(uds) — p(uud) + e+ 7, : Amc® = 1115.683 — 938.272 = 177 4.
s—u:A = [2(ud — du)s + (us — su)d — (ds — sd)u] /12
— [2(ud — du)u + (uu — uu)d — (du — ud)u) /12
= 3(ud — du)u/V12 =+/3/2p, so X =+/3/2sinfc = 0.2786.

I = (1.4123 x 107%)(177.4)°(0.2786)% = | 1.926 x 10°/s|.

(e)

Y7 (dds) — n(udd) +e+ 7, : Amc? = (1197.449) — (939.565) = 257.9.
s—u:X” = [(ds—sd)d)/V2 — [(du — ud)d]/ V2
= —n, so X = —sinfc = —0.2275.

I = (1.4123 x 1074)(257.9)°(0.2275)% = | 8.340 x 10°/s |.

(f)

E0(uss) — LT (uus) +e+ 7, : Amc* = (1314.83) — (1189.37) = 125.5.
u:EY = [(us —su)s|/V2 — [(uu — uu)s + (us — su)u]/v/2
= [(us —su)u]/vV2 =2, so X =sinfc = 0.2275.

I = (1.4123 x 104)(125.5)°(0.2275)% = | 2.276 x 10° /s |.

To compare the experimental rates, note that the branching ratio is I'/T'tot =

I't,sol = (br.)/T.
(a) Unknown.

(b) (5.73 x 107°)

3

)

S —

/(1479 x 10710) = 3.87 x 10°/s.

(€) < (23 x1073)/(1.639 x 10719) = 1.4 x 107 /s.

(d) (8.32 x 1074)/(2.631 x 10719) = 3.16 x 10°/s.

() (1.017 x 1073) /(1.479 x 10710) = 6.88 x 10%/s.

() (2.7 x1074)/(2.90 x 10719) = 9.3 x 10%/s.
The agreement is not great, but this is because we are ignoring corrections
to the axial vector coupling (corrections that could be calculated in the full
Cabibbo model). (a) has not been measured, (b) is evidently due entirely to
axial coupling corrections, and (c) is only a lower bound—so there is no real
test in these. (d) is off by 1/3, (e) is off by 1/7 (not too bad), but for (f) the
calculated value is less than a third of the measured number.

Problem 9.18

(a) Referring to Figures 9.4 and 9.5, and the same for ¢ (in place of u or ¢),
and so on (for putative 4th and higher generations), and Eq. 9.81, the total



amplitude is proportional to

n n
(ViaVas + ViVes + ViiVis + -] = Y ViV = Y ViV = (VW)
j=1

-
Il

But if V is unitary, then (VTV),, = 6, = 0. QED

(b) Since H = H' = H*, the diagonal elements are real (H; = H; = n
real numbers), and the off-diagonal elements are complex conjugate pairs
(Hl?; = Hj; = two real numbers for each element above the main diagonal—
which is to say, one real number for every off-diagonal element, of which there

are n?> — n). So it takes a total of n? real numbers to characterize an n x n

Hermitian matrix, and hence also real numbers to characterize an n x n

unitary matrix. In particular, there are @ real parameters in a 3x3 unitary
matrix.

If we write, for instance, Vys = (u|V|s), it is clear that changing the (arbi-
trary) phase of the s quark wave function (|s) — e']s)) will change Vs, Ves,
and V;s by this same factor, whereas changing the phase of the u quark wave
function (|u) — e®|u)) will change V,,4, Vi;s, and V,;, by the factor e~*¢. On the
other hand, changing all the quark phases by the same amount will not affect
the elements of the CKM matrix. So there are 2n — 1 arbitrary phase factors
in the CKM matrix, which we can choose so as to make the matrix as real as
possible.

(0) A real orthogonal matrix is unitary (O = 0%, 00 = 1 = 00* = 00" = 1),
so it can be written in the form O = ¢/4, where A is Hermitian. But O = O* =
e =e 4" = A = —A* (so A is imaginary). But A = At = A* = 4,50 A
is antisymmetric. Its diagonal elements are all zero, and its diagonal elements
are imaginary and opposite in pairs (A;; = —Aj;), so the question is how many
elements there are above the main diagonal. Answer: half the total number of

off-diagonal elements, which is to say, | (1/2)(n? — n) |. In particular, there are

real parameters in a 3 x 3 (real) orthogonal matrix.

(d) Because the CKM matrix is unitary, it contains n? real parameters, but
2n — 1 of these can be eliminated by appropriate choice of the quark phases,
leaving n?> — (2n — 1) = (n — 1)2. In particular, for the 3x3 case, there are
4 real parameters. But a 3 real unitary (which is to say, orthogonal) matrix
carries only 3 real parameters. So you reduce the general 3 x 3 CKM
matrix to a real matrix. But for n = 2 the CKM matrix would have 1 real
parameter, and a real orthogonal 2 x 2 matrix has (1/2)(4 — 2) = 1, so with
only two generations you reduce the CKM matrix to real form. So if CP
violation comes from an imaginary term in the CKM matrix, it cannot occur
unless there are (at least) three generations.
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Problem 9.19
—is
. C12€13 512€13 513€
_ 6 i6
VVT = | —s12c03 — c12523513€°  €12€23 — 512523513€"  $23C13
i6 is
812823 — €12023813€°  —C12823 — 812€23513€"  €23C13
—is —is
C12C13 —S12€23 — €12823513€ "° 512823 — €12€23513€
—is _is
X | 512013 €12€23 — 512823513€ ' —C12823 — S12C23513€
i
s13€' 23C13 €23€13

t —ié i6
(VV )11 = (12€13€12€13 + 512€13512€13 1+ S13€ "~ S13€

cos? 013(cos? 815 + sin® 015 + sin? 613 = cos? 613 + sin? 13 = 1.
(VV' )12 = cracia[=s12c35 — c1osazsize ] + siaci3[caners — s1os23s13e ™)
+ 5136 Psp3013 = ciasizsaze O [—cf, —sf, + 1] = 0.
(VV' )13 = ciacia[sieszs — c1acassize ) + s1ac13[=cazs35 — s1ac23s138 ™)
+s13¢ Peasc13 = cigsizease O [—cd, — 51, +1] = 0.
(VVo1 = [=strem — cipsozsizelenacis + [cazezs — s1s03513¢°s12¢13
+ sa3c13813€" = spsc13813€” [, — 57, + 1] = 0.

(VVT)ay = [—s12023 — €12523513€°] [ 512623 — C12523513¢ ]
izS]

i6 -
+ [C12623 — 512523513€ ][Clzczs — 512523513€ + 523€13523€13

_ 22 222 20 2220 2 2
= S7pC3 + C12523573 + C1pC23 1 512523573 + 523C73

C53 + 533513 + $53¢15 = 1.
(VV')o3 = [—s12003 — c1o523513¢” | [s12503 — C12€235138 )]
+ [c1223 — 512523513€" | [—C12803 — S120235136 "] + S23€13C23C13
= —5%2523C23 + C%ZS%2523C23 — 6%2523623 + S%ZS%3SZ3C23 + C%3523C23
523C23[—1 + 5%3 + 6%3] =0.
(VVT)a1 = [s12825 — crocass13€®]cinc1s + [=C17533 — 5120235136 [s12¢13
+ cx3013513€"° = C23C13513€i5[—C%2 - 5%2 +1] =0.
(VV')3 = [s12523 — c1ac23513° ] [—$1223 — C125235138 )]

i6 —i6
+ [—012523 — 512€23513€ ][012623 — 512523513€ } + €23€13523€13

= —S%ZSZ3C23 + C%ZS%3523C23 — 6%2523623 + S%ZS%3SZ3C23 + C%3523C23
523623 =1+ 573 + ¢3] = 0.
(VV)33 = [s12523 — c12c23513° ] [512523 — Croca3s13¢ ]
+ [—c12803 — 512023513€i§] [—c12823 — S12C23513€
= 519893 + (133515 + €153 + 12033575 + C33¢T3

i
] + co3c13623¢13

2 22 22
= 553 + 33573 + 3013 = 1.

Sovvt=1. v
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Problem 9.20

According to Eq. 9.38,
Gr \ﬁ ( 8w

ch2

(hc)® 8

2
) =1.166 x 107°/GeV?,

SO

1/2
Muwc? — QS%;(FWP
w 8 Gr ‘

Equation 9.91 says

_ & _
Sw = Sin6y’ where g, 47t

(QED Feynman rule #3). Using a = 1/137.036 and sin? 6, = 0.2314 (Eq. 9.93):
y g q

1/2
Mo — Q 4t
W 8 sin2 04, (Gr/ ()

1/2
-( L ) -

V2(137.036) (0.2314)(1.166 x 10~5

Equation 9.92 then yields

Mw 77.51
My = = =1{88.41 Gev |.
27 cosby, 1-02314

These predictions are not perfect (Mwc? = 80.40 GeV, Mzc? = 91.19 GeV),
but at the time they were a spectacular achievement. (You can do better using
Eq. 9.39 for gy, but that of course is circular, since My was used to get this
value.)

Problem 9.21

With electron neutrinos (or antineutrinos) there are other diagrams, mediated
by the W:
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Problem 9.22

(a) The Feynman diagram is the same as Example 9.4, except that the arrows
on the neutrino lines are reversed. Since we follow the fermion lines back-
wards through the diagram, Eq. 9.96 is replaced by

2
M = Wg#)z[ﬁ(l)v”(l =)o) [A(4)1u(ey —car®)u(2)],
in effect switching 1 < 3. (This also switches the neutrino u to v’s, and hence
reverses the sign of the mass term in the competeness relation, but since these
particles are massless, it doesn’t matter.) Now, exchanging 1 and 3 in Eq. 9.97
is equivalent to (cy + c4)? < (cy — c4)?, which is to say, changing the sign of
ca. Making this change in Egs. 9.99 and 9.100:

% =2 (%)2 (4Mgzcz)4E2 [(CV —ca)?+ (cy +ca)?cost g} )

zMzCZ

4
o= %(ﬁc)z( 3z ) E%(c3, + ¢4 —cvea) |-

(b) From (a) and Eq. 9.100,

oy +e — T +e) B c%,%—c?4 —cyca
o(vy+e” — vy +e) c%,+ch+cch'

R

For the electron (Table 9.1),

1 21 1
c%/—i-ci = (—2 +2sin29w> —I—ZL:E—ZsinZQw—I—ALSinsz

= 0.5000 — 2(0.2314) + 4(0.2314)% = 0.2514;

1
cyea = <—; + 2sin® 9w> (—;) =5 sin? 6, = 0.2500 — 0.2314 = 0.0186.

So
0.2514 — 0.0186
R= 0.2514 4+ 0.0186 0.862|.

Problem 9.23

(a)



Dropping the superscript f on c{/ and ¢, for the moment,

f

M =i, (1)i(2) [—igZ’Y”(CV - cA’YS)] v(3) [(2” o pr="p2—p3)|;

*

MP = (32) eue ) [1@7H(ev — ear”)o3)] 1207 (ev — car*)o(3)]

9(3)7° [ (v —car®)] 70u(2)

But

.
:
~° ['YV(CV —~ CA’YS)} 7 =2y —car®) 90 = 40y — )10

;
= (cf + i)’y 0 = (cy + )y =2 ey — i),
SO

MP = (8 eu0)er(1) [a2)7" v — ear)o(3)] [03)7 (e} — car?Iu(2)] .

Summing over the outgoing spins, we get

(%Z)z ex(Des (1)Tr [y (cy —can®) (P3 — mac)y" (cty — ci7”) (P + mac)].

The trace was calculated in Problem 9.2; quoting Eq. 9.159, with my = m3 — 0,

()" e8] (o ) 1+t 0]

+i(cych +cpca) e””“’pupgg}.

The next step is to average over the (three) spin states of the Z, using the
completeness relation in Problem 9.1 (Eq. 9.158):

1 P1uP1
(MP) = 282 | ~guv + s | (lev P+ lcal®) [Phps + psph — & (p2 - p3)| -
3 (Mzc)
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(The €"") term gives zero, since it is antisymmetric in y < v, whereas g,
and py,p1, are symmetric.)

(1MP) = 33 ev i+ leal){ = 2(pa- pa) + 40 o)

————
(Mzc)?

- %g§(|cv\2 +leal?) [(Pz “p3) +2W] .

The Golden Rule for 2-body decays in the CM frame (Eq. 6.35) says

i (Mlzc)2 [2(’“ -p2)(p1-p3) = (p1-p1)(p2- Ps)] }

__Ipl 2
B 8nhM§c<|M| )

plg?

— P& MM]
24mthM2c ‘

(v i+ leaP) [p2- ) + 222

In the rest system of the Z,

Myc Myc
p1 = (Mzc,0); p2= (;P) p3 = < 22 ,—P),

and (since f is “massless”)

MZC 2 2_ . 2_ MZC 2
( > > p =0, or p°= ) .

So
Myc 2 Myc 2 Mc 2
(Pz-P3>=( 5 ) ipr=t i) S (pp2) = (- pa) = 5) :
and hence
(Mz¢)* (Mzc)?
_ (Mgze)*  p 2
0=-——+72 (M0 = (Mzc)*.
Therefore, (restoring now the superscripts on ¢y and c4)
2 2
_ | 8 Mz€%)  Fa f 2
r=| S (2t P |.

(b) Let A = (\c{,|z + |C{4|2). According to Table 9.1:

Ve, Vy, vz ¢y = 0.5; cpy =05 A=0.25+0.25= 0.5000

e,u, T :cy=—0.0372; cyp =05 A=0.0014+0.25=0.2514
u,c,t oy =01915, ¢4 =05 A =0.0367+ 0.25 = 0.2867
d,s,b i cy = —0.3457; c4 = —0.5;, A =0.1195+ 0.25 = 0.3695.



Now

M
ZC
1—'total = gjLth Z | ‘2 =+ |CA‘

where the sum is over the three neutrinos, three charged leptons, 1 and ¢ (but
not the t, since it is too heavy: m; > Mz /2), d, s, and b (and in the case of the
quarks, three colors):

;( e 12+ |¢, 12) = 3(0.5000) + 3(0.2514) + 6(0.2867) + 9(0.3695) = 7.2999.

The branching ratios (I'; /T'oa1) are:

e, u, T : 0.2514/7.2999 = 0.0344, or|3%
Ve, Vy, vz : 0.5000/7.2999 = 0.0685, or|7%
u,c : 3(0.2867)/7.2999 = 0.1178, or|12%
d,s,b : 3(0.3695)/7.2999 = 0.1519, or|15%

(c) From Eq. 9.91,

2
2 g 47t
= = = 0.5156,
82 7 GinZ0, cos2 0,  (0.2314)(0.7686)
SO
1 487th 1 487(6.582 x 1072 MeV s

Tom  §2Mzc2 (7.2999) ~ (0.5156)(91188 MeV)(7.2999)

=12.89x 1072 g|.

With a fourth generation, the lifetime would decrease. The precise factor de-
pends on how many (and which) members of the 4th generation have masses
less than Mz /2, but it should be approximately 3/4.

Problem 9.24
2 2
q q
R — o(ete” — Z — hadrons) X [(CV) + (CA) }
- 0’(6+e* — 7/ — + *) o 2 2
() ()]
_9(0.2867 + 0.3695)
B 0.2514 =122

(The numbers are from Problem 9.23(b).)
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Problem 9.25

First evaluate the coefficient in curly brackets:

0.5000 — 2(0.2314) + 4(0.2314)2 77

=1 ~ 2.
(0.2314)(0.7686) 998

Then

oz _,1 (2E)* X

1 4
oy 16 [(2E)2 — (Mzc2)2]2 + (lTzMzc2)2 ~ 8 (x2 —1)2 + a2’

where (using g% = 0.5156, from Eq. 9.91)

200 ﬂ

150 I
mo; | ‘
r |

50} |\

Problem 9.26

(a) Given
(;zf —mc)u=0; wuy= %(1 + 75)u

(upper sign for R, lower for L).

(P —mcjuy = %(ﬁ —me)(1£°)u = (p—mcyu + %(;ﬂ — mc)y’u
= :I:%’yS(—;ﬂ —me)u = Fmey’u # 0
(unless m = 0). I used the fact that 4> anticommutes with v#, so ;ﬂ’yS =—9° 2
(b)

=309 0)-HA D)



o 1 1 +1 waAy\ wA wa T wp o wA
Piw_/\w:>2(:|:1 1><w3>_A<wB>:>(wBiwA =21 wp !

SO

waA :|:ZUB = 2)\ZUA, wpB j:wA = 2/\’603,‘ (2)\*1)%014 = :th, (2/\71)@03 = :I:wA.

(20 —1)%wy = (210 —Dwp =wa, (402 —4A+ 1wy = wy,

AMA=1)=0, or |[A=0,A=1]|.

IfA =0 wp = Fwy;if A =1, wg = £wyu. So a simple set of eigenspinors
would be

and hence

1 0
0 1

wr= 4 2=, | (A=0for P4, A =1for P_);
0 1
1 0
0 1

ws=1q1, w= |41 (A =1for Py, A =0 for P_).
0 1

(c)
[Pe, (p—me)] =} {(1£7)(p = me) = (p = me) (1 £9°) }

H{(p—me) = (p—me) & [1°(p = me) = (p—me)r’] }
= 2377 (p—me+ p+mec) = £7°p #£0.

But if a spinor is simultaneously an eigenstate of two noncommuting opera-
tors, A and B, which is to say, if Aw = Aw and Bw = pw, then

[A,Blw = ABw — BAw = u(Aw) — A(Bw) = pAw — Auw = 0.

So w could be an eigenspinor of both P+ and (p — mc) only if v’pw = 0, or
m’y5w = 0, which is only possible if m = 0 (if 75w =0, then Prw = (1/2)w =
0, and w = 0 is by definition not an eigenspinor).

Problem 9.27

u i _ .
L= (d’)L (9141); jiy = Kot xe (9136); T = 3(c! £it?) (9.137).
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= 13(149°)7,3(1=7°)d = qamu(1 = )’ =| §iy, (1 - 2°)d'|.

I used Table 9.2 for the chiral spinors, {7, 7} = 0,and (1 —7°)? =2(1—+°).

. _ 3 00 u - 0 _
Ju = @ d) <1 0> (d,) = (@ d), 1 <u> = d v
L L

= d'3(1+ )11 =)= 1d (1= 7" u =| 3d 7, (1 = ¥ )u|.

Meanwhile, from Eq . 9.138,

. _ _ 10 u _ 5 u
fo = 2k Ta =5 (@ &) (0 —1> <d’) =z (@) 7 (—d’)
L L

= 3 [aLyuur — dpydy] = | 5 [y (1= Y2 u—dy, (1= 5)d'] |,

and, from Egs. 9.144 and 9.131,

2
W= Z%Qi(ﬁﬂyui) = [%ﬁ%t” - %d/”ﬁtd/} :
iz

Finally, from Eq. 9.140,

]';14/ = Z(J'Zm —jz) = %ﬂwu - %d/ Md, — giyu(l— 75)” + %d_/'ﬁf(l - 75)‘1/

1
2
=13 [ G+ u—dy (3 +9°)

Problem 9.28

According to Eq. 9.155, the quark and lepton couplings to the Z are of the form

—ig. (j,’i — sin2 0y, j;m) .
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I'll do the first generation (e, v, u, d); the other generations are identical. (As
explained in the first footnote to Section 9.6, it doesn’t matter whether you use
dord’, soI'll use d.) For the quarks (Problem 9.27 and Eq. 9.144):

=3 A1 =7 = dy (=905 i = F(aym) - (dd).
For the leptons (Eq. 9.138):
jo = AoLyeve —evypedl.

But 7py,vp = 17%(1 +9° )’yy%(l — 7°)v (and similarly for the electron term),
while (14 7°)y, = 14(1—7°),and (1 — 9°)* = 2(1 —v°). So

]i = F[y.(1— P — eyu(l— 7°)e], while it = —(evue)

(Eq. 9.131).
The generic neutral weak vertex factor is (Eq. 9.90)

i
f%’m(w —ca?®);

picking out the relevant terms in —ig; ( ]i — sin? 6, ];’”) , we find:
Neutrino:

o [1s 5y, ] 18z [ 1_1,5 _ 1 _ 1
—18z {11/'7;4(1 - )V} =T {U'W (7 —27 )V} v =12,A7 3
Electron:
) _ . _ gz [ .
—ig, [—}Ie’yﬂ(l — ’)’5)6 + sin? Qwe'y},e} = —% [evy (—% + 2sin? 0, + %75) e}
= |cy = —% +25in29w, = —% .
Up Quark:
) _ . _ i _ .
—ig; [}—Lu'y,,(l — ) u — %sm2 ()wu'yyu} = —% {u’yy (% — %sm2 O — %75) u]

= CV:%—%sinZOw, cA:% .

Down Quark:

—ig; [—%d_'yy(l —°)d + % sin? Gwd_'yyd} = —ig?Z [d_’y;, (_% +25sin20, + %75> d}

= cV:—%—i-%sinsz, cA:—% .
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Problem 9.29

The two basic hadronic modes,
)T —ve+d+1, 2)T—=vr+s+1,
have decay rates
Ip =3cos?0cT,, T =3sin?6cTl,
(3 for color), where T, is the rate for T — v; + e + 7, (from Problem 9.5). So
Tiot = e + Ty + 1 + T = 2T, + 3T, (sin? 6 + cos® c) = 5T.

Evidently

1 1 27
—r =g = leg“’“s = (0.4)(8.16 x 10713) ={3.26 x 10135
tot e

(the experimental value lifetime is 2.91 x 10713 s), and the branching ratios are

e FH 1 1—‘hadrons 3
= P~ _[20%], -—hadrons _ 2 _Tggo,].
Iot Tt 5 Tiot 5

The experimental branching ratios are 17.8% (electrons), 17.4% (muons), and
61% for hadrons. [I got the latter figure from the Particle Physics Booklet,
by adding the dominant hadronic modes: 7~ vz (25.5%), T ve (10.9%),
o ntve 9.3%), 7 7%, (9.3%), m at v (4.6%), 7 00 70v,
(1.0%). This doesn’t count the many modes with branching ratios below 1%;
by my estimate they add to about 4%, raising the total hadronic ratio to about
65%.]

T
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Problem 9.30

(a) Treat all secondaries as massless. The principal decay modes are

c —s+el+v: T =|Vs’T
c—s+ut+v: T=|Vs|’Ty
c —»dtet v, T =|Vy*T
c—d+ut+v: T =|Vy*To

c — s—l—u—i—d_: F:3|Vcs‘2‘vud|21—‘0
c—s+uts: T =3Vsl*Vus|*To
c—dtu+d: T = 3|Vy|*|Via|*To
c—d4+u+s: I = 3|Vl Vis|*To

where

5
mc
To=|— )| Ty,
: <my> .

and I'y, is the decay rate of the muon. In terms of the Cabibbo angle(stick with
CKM matrix elements if you prefer),

Tt = Iﬁo(cos2 fc + cos? fc + sin? fc + sin? fc+3 cos? 0c cos? Oc
+ 3 cos? O sin? B¢ + 3sin? O cos? O + 3 sin® O sin? 0¢c)

=Ty (cos2 fc + sin® QC) {2 +3 (cos2 fc + sin® 9(:)] = 5I.

So the lifetime is
L) g, = L (10506)° ) =[19x 10125
T 5<mc) T 5<1250>( 97 x 107°) 1.9 x10"*“s

(b) In this (pretty gross) approximation, the lifetime of the D should be

about . The observed lifetime of the DT is 1.04 x 10712, and
that of D% is 0.41 x 1012 s, so we’re not too far off.

The branching ratios for semileptonic (e or ) and hadronic modes are the
same as for the T (Problem 9.29): 20% (each) and 60%, respectively. Accord-
ing to the Particle Physics Booklet the dominant electronic decays of the D
are K%t v, (8.6%), Kt v, (5.6%), K~ mtetv, (4.5%), for a total of 18.7%, and
the dominant muonic decays are K%y vy, (9.5%), K*0utv, (5.5%), K-t putv,
(4.0%), for a total of 19.0%. The rest are hadronic, so the agreement is very
good. The D° decays are much more complicated, and the agreement is not
so hot: a total of 6.2% for the electronic modes and 5.6% for muonic modes.
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(c) The principal decay modes of the b quark are

b—ctet+t: T =]|Vy|°To
b—ctpu+,: T=|Vy*To
b—c+1+7:: T =|Vy|Ty
b—ute+7,: T =|Vy|To
b—ut+pu+v,: T=|Vy*To
b— u+t+0:: T =|Vu|To

b—c+d+i: T = 3|V [*|Vial*To
b—c+s+a: T =3|Vyl*Vis|*To
b—c+d+c: I =3|Vy|?*|Veal*To

b—c+s+c: T =3V Ves|*To

b utdtia: T =3|Vyl?Vial?To
b—u+s+ia: T =3Vl Vis|*To
b—u+d+c: T = 3|V, [*|Veal*To
b—uts+c: T =3[Vyl|VelTo

where

So

Tiot = To [3Veol? +3|Vagl? + 3(|Veo 2 + Vi 2) (1Vaal® + [V + Vel + [Ves ) |

30 (|Vcb|2 + |Vuh\2) [l + (cos2 fc + sin? fc + sin? O + cos? 9(?)}

=9 ((|Vd,|2 + |Vub|2> To=9 [(0.0422)2 + (0.0040)2} To = 0.0162T.

So the lifetime of the b quark (and hence of the B meson) is

1 (m\° 1 (105.66)° i
- (= = — (/== (2197 x107%) =|12x 10" 25|.
* 7 00162 (mb> "= 0.0162 ( 4300) (2197107 107

The observed lifetimes are: 1.64 x 10712 s (for the B™), 1.53 x 10712 s (for the
BY). The agreement is very good for both of them.
Branching ratios:

Ty To (|Veo|* + [Viwl?) 1 Thaa 2
- =~ =[11%]; = = —[67%).
Tiot 90 (|Vep|? + [Vip|?) 9 . It 3 .
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The experimental leptonic branching ratios are 10.2% (for the B™) and 10.5%
(for the B%)—not bad!

(d) The b quark cannot decay without crossing generations, whereas the ¢
quark can go to an s, in the same generation. The smallness of the CKM matrix
elements V,;, and V,; almost exactly compensates for the larger mass of the b
quark, so the final lifetimes come out practically the same.

Problem 9.31

M = ia(2) [_

(M[? = %[ﬂ@)v”(l =) u]E(1)7" (1 = 7)u(2)le;(3)ev(3)

P3uP3v
(Mwc)?

2
(IMP2) = EETy (1 = %) (pr+ me)y" (1= 27) (g + ma0)] | —guo +
The trace reduces to
Te[7" (1= 2)pry" (1= 9°)pad + mimac®Te[y" (1= 7°) 7" (1= 7))
= Tr[y"pry! (1= 9°)pad + mumac?Te[y "y (1+9°)(1 = 7))
_/_/
1—-(7%)2=0

= 2Tr[y"prr" (1= 2°)pa) = 2[Te (v pry ' p2) + Te (v pry pav°)]

= 2p1cp [Te(v" 7"y 7") + Te (""" "7)]

= 8picpan (878" — g"g™ + gMg " el ).
Because this is contracted with a symmetric tensor, the antisymmetric (final)
term does not contribute.

2
g v v Y Fours
(IMP2) = £2 [l ps = " (p1 - p2) + piph {_3"” <M};vC>U2]

[ . . — . 2
= 5 [agpy -y Koo Pz)Pa]

2 i . .
=& _(pl.p2)+2(m (;1?\313,55)22 Pa)} '
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9 Weak Interactions

In the rest frame of the ¢,

E E
p1 = (mc,0), po = (b,p> , p3= <W,— )

So
ELE
p1-p2 =miEy, p1-p3s=mEw, p2-p3= bczw +p%
E2 E,Ew  E2
E%,V—pZCZ:M%vc4:>p2: C—ZV—MZM,62:>P2'P3= 2 —l—c—g‘/—

M%vcz;

myc? = Ey + Ew = E = myc® — Ew = pa - p3 = mEyy — Miyc?;

p1 - pa = my(mic® — Ewy) = m2c* — mEpy.

8N

(IMP) = [m% B+

_ 2
(M)

IS

NYES N

E 2
{m%cz — miEyy — 2miEy + z(th)]

(Mwc)?
nmy mtEW

8 2 i
= — By 2 W |
2 lmtc wt (MWC)Z]

an

Using the result of Problem 3.19 (and setting m;, — 0):

20 M2 2 2 4 A2
mi + My —my, 5 mi+ My 5
th th

Ew =

5By (miEy — M%vcz)}

2 m 3 (m? + MZ,)c? 2my  (m} +2m2M2, + M3 )t
<|M|2>:gw E mpc? (m; w) + o (my tViw w)

2 mg (ch)z

2 2 2 M2, c2

2 C2 c 2
= S (M, — oMY + mf) = ( zgﬁw) (i — M
144

Quoting Eq. 6.35,

2
c
= 8751%6 (2§\1/01w> (m} — M3y) (7 + 2M3,).

But (Problem 3.19b, with m;, — 0)

5 \/mf+M%v—2m%M%,\, . (m? — M2,)c

|p| th th

2
4dms

2 3 3 1 mic 1
‘%" <m%c2 — fmfcz — M%\,c2 + = e + m%c2 + QM%VCZ

|
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SO
2
__gbme)® | (M \HT L (M)
647th(MWc2)2 mg mg
2
B (0.653)%(174000)° L (804N L, (804N
"~ 6471(6.582 x 10-22)(80403)2 174 174
= 232 x 10%* /s.
T=1/T =|43x102s|.
Problem 9.32
(a)

{50 3520 )| w0} e {9 | 5207 w2}
d4

x (270)*6*(p1 — p3 — ) (27)*6* (p2 — pa + q)ﬁ'

Using the first delta function, the integral replaces g by p; — p3; erasing (271)45(p1 +
p2 — p3 — pa) and multiplying by i leaves

M=| 80 17(3)(1—5)u(1)] [#(4)(1—19)u(2)] |




206 | 9 Weak Interactions

[33)(1—19u(®)]" = [13)7°1 )] = u(V) @2 () u(3)
u

’ 2
(IMP) = 3 [ ssas] 1 [(1= ) mo+97) (-t )]

xTr [(1 — ) (pg+ mac) (1 +9°) (pg + m4c)] :

But my = m3 = 0, so the mjc in the first term (and m4c¢ in the last) are traces of
an odd number of gamma matrices, and hence are zero.

(IMP) =1 [suﬁc)zr“ (1= 2)pe(1 4 9] Te [(199)ps(1 + 47

But #(1+7°) = (1—9°)p,and (1—-9°)*> =2(1— "), s0

2

(MP) =2 [ ] e (1 hpepe] T [(1- 7]

Now, Tr('y5¢l/f) =0,and Tr(;,ilrf) =4a-b,so

2 2
M) =5 | ] o padrae )|

(c) Equation 6.47 says

do-:(hc>Z (IMP) Ips]
i~ \8rn) (& +E2 Ipil’

Treating all four particles as massless,

E E E E '
Pl = Z/pi ’ PZ - ?/ _Pi ’ P3 = ;/Pf ’ P4 = z/ _Pf ’

il = oyl =
pil = psl = —-
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So

E\2 £\ 2 E\2 EN2

pP1-p3 = <c> —PipPr= <C> - <c> cosf =2 (c) sin?(6/2),
E\2 E\2 E\2 EN2

p2-ps = (c) —Pi pPr= (c) - (c) cosf =2 (c) sin?(6/2)

(where 0 is the angle between the incoming electron and the outgoing neu-

trino).
2
do he) 11 8w I(E\? )
aQ <87T> 4E22 (ch> [(c) 25sin?(0/2)
_ 1 Sw 4 O\ 2 0 . 4
= Z(MWC> (87rc> E*sin*(6/2) |.
(d)
2 ) 1 )
77 ) 2( w) <87TC> E /Z(l—cose) sin 0 do d¢
h 2 227T 2 .
<ch> (8) 1 (1—C059) sin 6 df

2
_ 2 (g \' () po_| 2 [ hiE
371 \ Myc 8c 3 \ 8MZ,c3 | |

(e) The Standard Model (Egs. 9.13 and 9.14, with m;, — 0) says

2 2
do 1 ( nhegiE L1 (hgiE
dQ 2 \4n(Myc)2 ) ’ 8w\ M2c3 )

Both the Griffiths theory and the Standard Model say do/d() and ¢ are propor-
tional to E2, so the energy dependence offers no test. The obvious difference
is that the Standard Model says do /d() is independent of the scattering angle,
whereas my theory says it goes like sin*(/2)—it’s zero in the forward direc-
tion (0 = 0), and rises to a maximum at 6§ = 180° (back-scattering). So the

thing to do is ’ count the number of muons coming off at various directions ‘ ;

if it’s constant, the Standard Model wins, but I say more of them will come
out along the direction of the incident electron.
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9 Weak Interactions

Problem 9.33

From the 2006 Particle Physics Booklet, Section 11.2:

V4| = 097377, |V,| = 0.00431, V| = 0.230,
V.| = 0.0416, |Via| = 0.0074, Vi = 0.9991,
SO
ViV, | (0.97377)(0.00431)
21| = = — 0.44;
VedV? (0.230)(0.0416)
ViV . :
ol = |ViaVis | (0.0074)(09991) _ .
VeV |~ (0.230)(0.0416)

The phases are discussed in the Particle Physics Booklet, Section 11.3:
v =arg(—z;) = 63° B=arg(—1/zp) = Jsin"1(0.687) = 22°.

If we write z; = |zp]e!?, then —1/25 = (1/|22])e!™ ), so (7 — 6) = B, and
hence § = m — f = 180° — 22° = 158°. In the complex plane, then, the three
numbers 1, z1, and z; look like this:

(-0.71,0.29)

(1,0)

Y

(0.20, -0.39) 4

The unitarity triangle itself takes the form

Z, ~N Z,

Here the coordinates of the tail of z; are 0.44 cos 63° = 0.20, 0.44 sin 63° = 0.39;
the coordinates of the head of z; are 1 — 0.77 cos 22° = 0.29, 0.77 sin 22° = 0.29.
Evidently the triangle does not (quite) close, with the current experimental
values.
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10
Gauge Theories

Problem 10.1

(a) If 7 is the distance from the apex, then

z

Z=7rcosx, SO Uy = .
cos &

The tangential velocity is
vy =rsinag =ztana ¢,

SO

1 .
T:Em(v%—vé): ﬁ(zzsin2a¢2+zz) . U =[mgz].
(b)
L=T-U= oo (22sin®a p? + %) — mgz |.
oL _ _m_ 2:>£ oLy _ m % OL _ _m zsina > —m
9z cosa dt \9z) cos?a”’ 0z cos?a ¢ &

Euler-Lagrange for z says

2= s—zsin”a¢” —mg, or|Z = zsin” aP* — gcos“ « |.
COs~ & Cos” &

Similarly,
L m 5 .o d (JLY _ 2 i25\. 9L _
9 coszocz sin“a¢p = T <8¢> = mtan a(Zzch—i—z </)>, 3 =0.

Euler-Lagrange for ¢ says

259

m tan® a (222‘(])+22<]5> =0, or|p=— .
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(c) Since 0L/9¢ = 0, the Euler-Lagrange equation for ¢ says dL/d¢ is a
constant—call it £: £ = mz? tan® a ¢. Physically, it is the

z component of angular momentum |.

(d)
p 14 g .2 2 ’
=" 5 =zgin6a————— — ¢cos’a,
m tan? o z2 m? tan* o 74 §

p 2, 2 cot?a
= cos — - .
m2z3 J

[Conservation of energy says

or

E=T+U=

Teoa (22 sin® a ¢ + 22) + mgz.

Using ¢ to eliminate ¢ now yields an equation for z.]

Problem 10.2

It is safest to work out a specific component—say y = 0, v = 1. First find all
the terms in . that involve dgA; (or 0° Al—which, of course, is —dyA;):

N 16% [(aOAl - alAO) (90A1 — 9140) + (alAO —~ 80A1) (8140 — A1) + - - }
= % [ (041 @0A1) — (3°4") (@149) — (3'4°) (dp41) + (31A°) (31 40)
+ (314%) (@140) — (814%) @p41) — (2°4") (2140) + (°4") (3 Al)] .
= 1_6—; [—2(@041)* +4 (3041) (31 40)] + -

Evidently

0.¢ -1 1
9(00A1)  lém [~4(90A1) +4(9140)] = ;— (—90A1 + 91 40)

= ;—; (%4 +2'4°) .

The other components are the same (except for a few signs when y and v are
both spatial).
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Problem 10.3
First note that 9,0, (0" AV — 9" A¥) = 9,0"(d,A") — 9,0"(9,A") = 0. Now
apply 9, to Eq. 10.19:

2
80 AY =AM + (55) 94" =0 = 9,4V = 0. v

Hence the middle term in Eq. 10.19 is actually zero, leaving

9, (AY) + (%)2#’ —0. v

Problem 10.4

(the Dirac equation). Likewise

.7 ihic _ o A ihic
30,9 > Pr" = oy (a(am> = & (@)
0.¢ 1 - _
Sy = 3 @ = ).

The Euler-Lagrange equation for ¢ says:
ihc . - ihc . - - o -
SO = =S @I — (mc)g, or i@+ (Z°) =0

(the adjoint Dirac equation).

Problem 10.5
9L 1 oL 1 /mc\2
_ 9% loug,. _ _ 1 (mc
30,0 207 a2 (%) ¢



212 | 10 Gauge Theories

So the Euler-Lagrange equation leads to

o (30) =5 (50 or e+ () 90

Similarly,

oL 1. 9L _ 1(@)2*50
a(up) 2 "9 2 ’

- - 9,0 + (%)Zqﬁ =ol.

Thus ¢ and ¢* both satisfy the Klein-Gordon equation. Obviously, the second
equation is the complex conjugate of the first.

Problem 10.6
oL oL )
(0, ¥) -0 % ihiey"dyp — me*p — gy p Ay
So

0 = ihey",p — mc*p — gy"pA,, or |ihyH (dugp) — meyp = gAy'ngb .

Similarly,
oL - oL - _
= ihepy?; — = —mc*P — qPpy Ay

ihc(aygl?)'y” = —mcng — qv,EnyAy, or ih(aygﬁ)'yl‘ +mcp = —gl,E'yVAy .

Problem 10.7

A" = yleqpr 9] = cq [ (BuP)r" v + v (9up) ).
With electromagnetic coupling the Dirac equation says (Problem 10.6)

) =5 [(2) 9+ () Acs]s @t o[ () 5+ () o]
Therefore,

o = cqi | (5°) oy + (L) @rr)an— (5) #w - (i5) Br"w)Au| = 0. v
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Problem 10.8

We simply replace the “ordinary” derivatives by ”covariant” derivatives (Eq. 10.38),
and add on a free Lagrangian for A¥:

1 * 1 v
£= 5 (D) (09) 5 (5) 09— o F"Eun
*

Here
* = ( W +iz Aycp)* (E)P’(p—l—i%A#(p)
2
= (@) (@9) + 1L (@) A% — Aug (@9)] + (L) A, A%,
So

1 % 1 v
= 0@ — 5 (") 90—

free ¢ Lagrangian free A¥ Lagrangian
£l [p(@9") — ¢ @) Ayt 5 (L) 9" para
e (PL7PT) =9 (0"P)| Aut+ 5 (7)) ¢ PAT Ay,

interaction term

To get the current, we apply the Euler-Lagrange equation (exploiting Eq. 10.17):

oL 1 oL lq gN\2, .2
__ = _— FHV. Il v 14 1 v
5o, A~ an ¢ GA, T a9 e+ (i) loPa”

So

H 2
e = 2 o — g+ (L) lgi2ar,

4t
or

4 2
o = X gty - go'9) - L lofa]

Evidently (Eq. 10.24)

v,y b T v
]—5(4’847—4’34’)—%“’4214 .

(Curiously, AY itself appears in the last term.) And the divergence of J# is
Y PP &

9" = S [@upHOFT + 9" (3,2"9) — (DM ™) — 9(2,"9")]

2
() [Gup 04" + 4" @u)a” + 979(@,41).
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Meanwhile, working out the Euler-Lagrange equation for ¢:

aﬁ) — %(aﬂ(p) + (lq) ¢A}‘;

9(9ug*
aaqi - _% (%)24’ (21;3 ) 0" ) Ay + = (;?) PANA,.

= 0,0"p + <iq> [(0u¢) AF + 0, AF]

= () o= () oo () o

Similarly,
L 1o (i) .
3opg) 2009 (o) o
oL 1 2 1 2
=2 () (g eoa s G e

= 90" — (Z) (™) A¥ + ¢7 9, A]
(%) 0+ (3h) @ () o
Combining these results,
i[¢7(0,0"9) — $(0,0"97)] i
= et [@u) A" 2,0 1 (Z)970 + ,;"C¢*<aﬂ¢>fu
g m At Lo (0u0) A" + 90,80 + (55T
+ L9091 A, - g A,

2
= T (9" @up) A" + p(0,p)" A + 979 9, AY]

Thus
0 = 22 (97 (0up) A" + §(,9) A" + ¢ 3, A"]
2

2q
hic
( (049" )pAY + ¢ (0up) A + "0, A'] = 0. v




Problem 10.9

(@
0.7 0.7
0L = —— 0 + == 0(9,¢;
a(Pi (Pl a(ay¢z) ( %le)
(summation on i implied). But the Euler-Lagrange equation says
0L 0L
W Iy <3(3y¢z)) ,and 6(du¢) = 0u(¢i + 0¢;) — dupi = 9, (0¢pi),

SO

0.7 0.7 0L
2 =0 (5a7) 0 00 =2 (s ¢

(b) For an infinitesimal phase transformation, Eq. 10.26 says
p— ey = (14+i80)p, so oY =ip(s0); 6P = —ip(60).
Meanwhile (from Example 10.2),

0L . 0L
9(0uy) AP 90,9 "
50 0.L 6
= a(a},lp)zsg — (ihcpy™) (i) = —he(Priy)],

which (apart from a constant factor —g/%) agrees with Eq. 10.36.
(c) This time §¢ = i 60, 6¢p* = —ip* 66, and (Problem 10.8)

0L 1 iq 0L 1 iq
— —_JHp* — L p* AH — _9H 1 I
30,9) 20 "N ae 20 0T et

So

0L 69 0L 6
9(04p) 00 " 9(0,49*) 00

I PO [/ . 1 iq .
= 58”4) ~one? AH} (ip) + [23’14’4' %4’1‘\”} (—i¢")

]V:

~

= |5 [parg" — ¢ arg] + L |p2Ar

which (apart from a factor —q/%) agrees with the result in Problem 10.8.

Problem 10.10

_f(a b\ + _ [a"c*
ne (e =)

215
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10 Gauge Theories

Evidently H is Hermitian (H t = H) < aand d are real, and b = c*, four (real)
numbers in all, and 6, a1, ay, a3 is one way of packaging them:

N (A I R 6
(i B

which is precisely the form for the most general Hermitian 2 x 2 matrix, with
a=0+4as, b=a —ia =c*,and d = 6 — a3z (which, of course, can be solved
to get § and a in terms of 4, b, ¢, and d).

Problem 10.11

Equations 10.56 and 10.57 =
T A )y = .
(ay+zhcr A;,)l,b _S(a”—Hth Ay) P. 11
Now, ¢/ = Sp, s0 9, 9" = (9,S)¥ + S(9,¢), and Eq. [1] becomes

(0uS)9 +S@upT +i:L (- AL ) Sp = ST+ LS (v- Ay)

or

4 4
(045) +ize (r-AL) S = zh—CS (t-Ay).

Multiply by S~! on the right:
149 (e.A)) =ids(c -1
(045)S +iz ('r Ay) —thS(T Ay) ST,
or

T A, =S(T-A)ST + ih; (3,8)s7. v

Problem 10.12

(a)
v v vy o 24 v v 2q

= OMAY — YAV + 0MVA — DVOMA + % [ (A x AY) — 3" (A x AM)]

2q
— v 2
F* + e [

= F}“’+;—Z[/\><FVV+AVxBVAfA"xaP‘A].

A X AV + A x (0FAY) —9"A x A¥ — A x (0VAM)]



(b)

F'UF,, — {Fﬂu;" [A X B 4 AF x 9'A — A" x aM]}
{Fw+h’7 [A X Fpy + Ay X A — Ay X D /\]}

= F"F,, —|— 1 {FW (A X Fu) +F - [(Ay x 9A) — (Ay x 9uA) ]}

(I dropped terms in /\2, since we are only concerned with infinitesimal trans-
formations). But F- (A x F) = 0, since the cross-product of any vector is per-
pendicular to the vector itself (I dropped the indices, since they are irrelevant
to this argument, which holds for each uv), and

F . [(Ay x 9yA) — (Ay x 9uA)] = —2F" - (A, x 9,A) =2 (A, x F*) - 9,4

In the first step I used F*"(t,, — t,,) = —2F"'t,;,, which holds because F*"
is antisymmetric in ¢ < v, and in the second step I used the vector identity
A-(BxC)=C-(AxB)=—-(BxA)-C.So

1 (8g

[ iy HUY .
L T <hc)(AV><F ) 3.

Problem 10.13
We know from Problem 10.12 that
(FAY — d"AF) — (dHAY — 9VAH)
+ (;Z) A x (BFAY — 3YAM) + AF x A — AY x A]
So
FY — (0¥AY — 9"A¥)

+ (;Z) [A x (FAY — "AF) + AF x VA — AV x A

hic

(2‘7> [AV T+ 2T (1 x A”)} [AV Fo+ 2

27 () x A")}
= F" 4 @’7) { (A¥ X AY) + A x [FW + ;—’Z (A¥ x AV)} ININT N
— (AY X 9MA) — (A" x AY) — (AF x 9VA) — (9FA x AY)

(;‘7> A" x (A x AY) + (A x AF) x A"] }

217
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(I dropped terms of second order in A). Three pairs of terms cancel, leaving
F* — FW 4 <22’> (A x F)

+ (?DZM X (AF X AY) — AF x (A x A) + (A x AM) x A]

The term in square brackets is zero, by virtue of the vector identity
Ax(BxC)+Bx(CxA)+Cx(AxB)=0.
So
v v zq v
F* — F" + e AXF"). v

Problem 10.14

(a) From the definition (Eq. 10.65)
o grAY —gvar — 21 (A" x AY)
fic
we have
T FM = 3t (1. AY) — 9" (1. AF) — %r- (A" x AY).
Now, exploiting the result of Problem 4.20:
(- AF) (T-AY) = (- AY) (- A¥) = ATA] (ti7; — Tymi) = 20A] Afeipty
= 2iT- (A" x A"),

S0
T-FY =0 (t-A")—-09" (1 -A¥) + FZ [(T-A")(T-A") —(T-A") (T-AHF)].
Invoking the transformation rule (Eq. 10.58):

T-A,=S(t-Ay) ST+ ir;c(aﬂS)sl,
we have

T P T AY)S" +1q (9"5)5" }av [S(T-Aﬂ)s—wi’;c(aﬂs)s—l]

o [s¢
{STAVS +zq(a”5) HS(T A")sH +1q(3'”) ]

N‘Q

hic

—[s< AT i @5)S” HS( s +th<aﬂ5) H
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Expanding this out,

TP = (94S) (T-AY)S 1+ S[r- (3"AY)]S 1+ S (T AY) (aﬂs—l)
FE v -1
i [(a )s }
— (3S) (T-A*) S —S[r- (3"AM)] S — S (T A¥) (avs-l)

- iF;Ca" [(3%5) s—l}

+;Z{S(T-A“)S_1S(T~A")S_1
ihc —1 /v -1 -1 vy o—1
+7[S(T~Ay)s (3S) 1 + (3#S) SIS (T~ AY) S ]

hic 2 — v -
(&) o s
_s (T . Al/) s—1g (T,AF) g1
_ ch [S(r-A") S (8557 +(3') S!S (v~ Al S|

+ (hqc>2 [(@7s)s7 (a5) 7] }

The idea now is to pull out an S on the left and an S~! on the right, by exploit-
ing the hint:

S = —§ (aﬂs—l) S, s l=—_st(rs)s

Then 7 - F¥' =
S {T~ (o"AY) — T - (aVAM) + % [(T-A¥)(T-AY)— (Tt -A") (T A”)}} 1

+S

— (9s71) S(v- AY) — (v- AY) ST (@"S) + (3" S (z- AF)
+ (T-A")ST(@"S) + (9571) S (v- AY) — (v- A¥) ST (3'S)

+ (T-AY)S7L(4S) — (avs*) s (T~A”)]Sl

)57 19 (751) - )31 - @89 (057

- ithS [~ (s71) 5571 (as) + (a"s ") 557" (a"5)| 57,
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or
TP = S(T-FV)Ss14 ir;cs[ (avsrl) Ss~1(a"s)
— (ans7") ss71(@"s) + (s71) (@) — (2571 (@"s) s~
=S(t-F)s L v
(b)

Te (v F") (v Fu/)| = Te [ (ST F's7) (St Fus™')]

=Tr {5*1 (St-F") (- Fw)} =Tr[(z-F") (T Fuw)]. v

(0
T (T F) (- Fu) | = F" B, Te(timj) = FI By Tr (5,-]- + ieijkrk)
= F"Fu6iTr (1) = 2F" - Fy.

1
(I used the fact that the Pauli matrices are traceless, and the trace of the 2 x 2
unit matrix is 2.) Conclusion: the Lagrangian in Eq. 10.63,
1
L=——F"Fy,,
l6m w

is invariant under finite gauge transformations. [But since a finite transforma-
tion can be built up from infinitesimal transformations, it is really unnecessary
to check anything beyond the infinitesimal case, which is typically much eas-
ier] Vv

Problem 10.15

According to Eq. 10.65,

FY = 9hAY —a'AF — (21 (A% x AY).
hc
Putting this into the Lagrangian (Eq.10.69):
L= L Ly = ! oHAY —9"AH) - (d 0
= —1g E B = I Ap = —g g (FAT-0°A )+ (0uAy — 9, Ay)

) (22’) (9,Ay — DA, - (AF x AY) + (;Z)z (AF x AY) - (A, x Ay) }

1
— EJH Ay



Referring to Eq. 10.17 (if this notation—with a 3-vector in the denominator—
disturbs you, write it out in component form):

oL L 1, (2 1
= = — 7 (FAY — 9"AF — — 2 vy _ _ _~ mpv
9(9uAy) 4 (A" —o"A%) + 167‘[2 <hC> 2(Af < A") 47TF :

_ = - 1 KAV _QVAKY _ “4 7 v
oA, 16n[2<hc>2Au><(aA 0"A¥) (hc) 4A, x (A xA)}
S o _ Ly
J = (hc)A”XF .

To isolate A, for the derivatives, I used the vector identity A- (B x C) = B -
(C x A). The Euler-Lagrange equation is

2q 4r
Vo= (ZL) A, x PV 4 22
I (cm) e + c J

Before we cast this in the more familiar nonrelativistic form it is best to
express the 3-vectors in index form (we will need the bold face for spatial 3-
vectors):

2 4n
wo_ (<1 pv
E)HFZ. = <h(3) eijkAjﬂFk + TLV,
where 7 runs from 1 to 3, and summation over j and k is implied. With v = 0
we have (in the notation of Eqgs. 7.71, 7.72, and 7.79):

he

2
V-E = — (q) €ijkAj - By +4mp; |

Forv =1,2,and 3:

1 0E; 2 47T
V X B; — ET; = — (;_12) €ijk (V]‘Ek+A]' X Bk) + T]l .

These are the inhomogeneous “Maxwell” equations; the homogeneous equa-
tions come from the definition of F/V:

2q
Fiw/ = BP‘A;/ — aVA? — (hc> GleA/yA%

For y = 0 we get
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Fory=1,v=2:

2
F? = 34 - %A - <hZ> ek AL A7
2q
_Biz = _vaiy+vyAix — % eijkijAky'

Now

€ijeAj Aky = €ikjArxAj, = —€ijkAj, Ak
SO

€iikAj Ay = z€ijk[Aj Ary — Aijkx] = eijk (Aj X Ag), -
Evidently
2

Bi:val’—F% (hZ) Gi]‘k(A]'XAk).

Hence
q
V- Bi = (;E) €i]‘kv . (A] X Ak) .
Meanwhile,
190 2q
V xE; = _Eﬁ(v x Aj) + <hc> €ijV X (ViA).

But

VxA =812 A xA

XAj=Dbj—3 e ez‘jk( j X k),

SO

19B; [(2g 10
V xE; = _EaTl + <hc> €ijk {2c8t (Aj x Ap) +V x (ViAg)

Problem 10.16

This is the 3 x 3 analog to Problem 10.10.

abc a* d* g*
H=|def|; H =[be h*]|.
ghj ¢

Evidently H is Hermitian (HJr = H) & a,e,and jare real, and b = d*, c = g%,
f = h*, nine (real) numbers in all, and 6, a1, ay, . .., ag is one way of packaging
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them:

100 010 0-i0 100
91+/\~a:9(010> + (100)+a2 (i 0 O)+a3 (o —1 o)
001 000 000 000

001 00 —i 000 00 0

+ay (000)+a5 (00 0>+a6 (001) +a7(00—z’>

100 i0 0 010 0i 0

1 100
+ag—— 01 0
V3 00 -2

(0+as+as/V3) (a1 —iap) (ag — ias)
= ( (a1 +iaz) (0 —az+ag/V3) as—iay) ) .
(ayg + ias) (ag + iay) (0 — Zag/ﬁ)

This is precisely the form for the most general Hermitian 3 X 3 matrix, with
a=(04+a3+ag/\V3),b=a,—iay =d*,c=ay—ias =g*e=(0—az+
ag/\/3), f = ag —iay; = h*, and j = (0 — 2ag/+/3) (which, of course, can be
solved to get § and ain terms of 4, b, ¢, d, e, f,g, h, and j).

Problem 10.17

(a) First suppose that A is diagonal:

d1 00 -0
0dy 0---0
A=D=]004d3--- 0
000 - dy
Then .
dy 0 0 0
0d, 0 0
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and hence

eD:1+D+1D2+lD3+---

2 3!
(1+d1+%d%~~~) 0 0
0 (1+d2+%d%+---)~~- 0
0 0 v (T4dy + 5d%2+--4)
eh 0 --. 0
0 e2 ... 0
0 0 .. ¢fn

Thus
det (eD> — iphapds . . ptn — phitdatds+tdy _ JTi(D) s

Now suppose that A is diagonalizable:

d 00 ---0
0dy 0 -0
S—lAS:D: 0 0d30
000 ---d,

Since Tr(AB) =Tr(BA), it follows that
Tr(D) = Tr(S1AS) = Tr(SST1A) = Tr(A),
and (inserting a factor of SS~! = 1 between adjacent A’s)
S1A%S = (S71AS)(S1AS) = D?,
S71A3S = (S71AS)(S71AS)(STLAS) = D3,

etc. So

1 1
SleAs = 57! (1+A+2A2+3,A3+--~>S
1 1
= 14D+ ;D% + D%+ =P *

But det(AB) = det(A) det(B), so

det (SileAS) = [det(S71)] {det (eA)} [det(S)] = [det(S71S)] {det (EA)]

= det (eA) :



Conclusion:
det (eA) = det (SfleAS> = det (eD) =D = (Tr(4)

Finally, the general case. Because S™'AS = ], it follows from the same
argument as before (%) that

S7leAs =¢/, andhence det(e?) = det(e/).

Now ] has only zeroes above the main diagonal:

X X x ---dy

(where the x’s stand for possibly nonzero elements), and this feature persists
for powers of J:

d 00 -0
xdy0 -0
J=|xxdy---0

so
e 00 0
x e 0
J—| x x b 0
X X X etln

Evaluating each determinant by minors along the top row:

dy
e 0 ... 0
X eds 0 gd3 .. 0
det (e] ) = ¢h = ¢f1et :
Do : .
x .« . e n
x x ... edﬂ

— €d1€d28d3 L. edn — ed1+d2+d3+“'+dn — ETr(]).
But Tr(]) = Tr(S~1AS) = Tr(A), so

det (eA> = det (e]) =) = (T(4)
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(b) From (a) we know that
det (ei/\-a) _ pTr(ir-a)

But (Problem 10.16)

Tr(iA-a) = i [<a3 + \”/%) + (—a3 + \‘%) + (—2\‘%” =0.

eltira) — 0 — 1 and hence det (eiA'a> =1. v

So

Problem 10.18

The first part is identical to Problem 10.11, with T — A. Equations 10.80 and
10.81 =

(0 +ila-ay)y =5 (0 +iLlr-au)y. 1]

Now, ¢’ = Sip, s0 9" = (9,S)p + S(9,1), and Eq. [1] becomes

(0uS) + S@rgY + 2 (X- AL ) Sp = S@rypT +i:8 (A~ A) ¢,
or q q
. / o
(8uS) +iz- (A-A,) S =il (A-A,).
Multiply by S! on the right:
19 (y.oar) =4 ) -1
(8u8)S 7" +iz- (A-AL) =izl (A-Ay) ST,
or .
A-A :S(/\~AM)S’1+1';C (3,8) S v (Eq. 10.82)

The second part is the same as Egs. 10.58-10.61, only with T — A and A —
¢. The infinitesimal transformations (up to first order in ¢) are:

_ ,—igA-¢p/hc ~ _iﬂ . -1~ ﬂ . E_iﬂ .
S=e =100, s'=1+00, 3521 (9,9)

In this approximation Eq. 10.82 becomes
A _lﬂ . . ﬂ .
vap= (1 g)a (1 )
Jic [ ig ig
+zq[ FE’\' (aycp)] (1+hcA~¢>

A At LA AD(A- )~ (A p)A- AW +A- ()

1%
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The term in square brackets is a commutator; using Eq. 8.35:
[(A- A, (M- )] = AP A%, 1P| = AgP (20f*F7AT) = —2i- (@ x Ay)

(summation on «, B, and 7y from 1 to 8 implied; in the last step I adopted
the generalized dot- and cross-product notation introduced in the text—see
Eq. 10.84). Conclusion:

! ~ 2
AN A A (9,0) + (hZ)A'(fﬁxAu)]
or

AL A+ (0,9) + (;Z) (@ xAy). v (Eq. 1083)

Problem 10.19
In the notation suggested on page 370:
T = [=p+ (el gu+pupv  (Eq.1092)

(T = ;92_(1”0)2 (g;w -~ (7;’; f )V2> (Eq. 10.95)

T = (2 ) s ] s (7~ 2225

w o P Pupa w o P
= 8 (g ‘<mc>2)‘p2—<mc>2 (g ‘<mc>2)
T A ) A .

o (me)?  p*—(mc)?  (mc)?[p? — (mc)?]
P;tPV {
(mc)? [p? — (mc)?]

:5;4_

—p? 4 (mc)? — (mc)? + pz} =0, v

Problem 10.20

There are three free Klein-Gordon Lagrangians (one for each particle type),
and one interaction term, of the form i.¥ = —ig¢ 4¢p¢pc (since the vertex fac-
toris —ig):

mpgc

2 = |30 0a) 5 ("29) g3] + |3 @um 0%0n) — 3 () 03]

mcc

1 1 2
+ {2(3y¢c)(a“4’c) —5 (T) 4’%:] — 8padpPC.
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[Actually, for Lin to have the correct dimensions (energy/volume—p. 357),
with g carrying the units of momentum (p. 213), when the scalar fields have
the dimensions given on p. 357, we must have Liny = —(1/hivhc)gpadpdc,
and now the naive construction of the vertex factor does not get the ¢’s and /’s
right. See remark before Eq. 10.101.]

Problem 10.21

This describes a theory in which there are three kinds of particles:
e aspin-1 particle of mass mj,

e its antiparticle (likewise mass 1),

for both of which the propagator is i%, and
g% — (mc)

e a spin-0 particle of mass m,,
i

for which the propagator is oy s

The primitive vertex is

|
|
|
|

A

Vertex factor: m.

Problem 10.22
Equation 10.119 says ¢ = 77 + (4/A), ¢2 = &, so

2
Oupr =01, Oupo =08, $7+¢3 =1"+ 2’7% + % +
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Substitute these into the Lagrangian (Eq. 10.115):
1 1 1 2
- = Iz - 12 2.2(.2 L )
Z = 5(0u)dy) + 5(0u6)0"¢) + S u ('7 T2+ +C)

1 po oy ?
s V- 2 " "o 2
4)\ <17 +217)\+A2+§>

1 1 o1t 1
—— p p R ey R ¥ )
5 [@um)d"n) + (0,8)9"E)] + Sun™ + 5 + 555 +54°¢

1 2 4 2
-V [174+4;72K2+£;+<§4+4;73K+2172K2 +21°5
3 2
v 2l | o2
s + A6t +28 )\2]

(@) + @0 e + 12 (5 -1- 3 ) + & (55

4

w1 T, S O SR Yo
+/\2<2 4>+’7A(1 -G (rteeteare)

N =

t11
*/\P‘(’?3+77§2)+% <2 4>

= [y e + [Jo0@a] -5 (1 +8t+2r0)

4
—AHOP + 18 + 5

Problem 10.23

Pt = Van = g = ;E(wﬁwz); P = VAE = E= é(wl—wz)
So
(9um) (9#17) 4 (9,8)(0"8)
= L@+ 0utp2) "1 +2"2) + Oy — D) (9P — )]
= (0u91) (9" 9p1) + (9utp2) (9"42);

1
(2483 = 5 |91+ 922+ —92)%| = ¥ + 43
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Putting this into Eq. 10.120:

—_

2
2 = 5 (@)@ 91) + @up2) " 2)] = - (91 +92)?

A )L4 4
— S W v+ - TR

1 Vz 2 1 P‘z 2 2
[Z(ayll)l)(a”ll)l) - 21/11] + [Z(Byll)z)(a”ll)z) - 21/12] — 11y
_mr

2V2

3 2 2 3 A 4 202 pt
(91 + w3+ et +43) — T2 (wh+vd+20003) + .

Problem 10.24

L = 3(3ug1) (0"91) + 3(9:2) (3"92) + 5 (93) (")
+ 3191+ 93 +93) — 1Nt + 93+ ¢3)°
This is invariant under rotations in ¢1, ¢, ¢3 space. The “potential energy”
function is

U = =512 (91 + 95 + 93) + IA7 (97 + 93 + ¢3)°
and the minima lie on a sphere of radius y/A:
(P%min + ¢%min + (P%min = yz//\z

To apply the Feynman calculus, we expand about a particular ground state
(“the vacuum”)—we may as well pick

¢1min = H/A’ ¢2min = O’ ¢3min =0.

As before, we introduce new fields, #, ¢, and {, which are the fluctuations
about this vacuum state:

N=¢1—u/A, C=¢2, (=¢3

Rewriting the Lagrangian in terms of these new field variables, we find :
2= | 2@ (o 22 4 (L@, @ (0,0 ("
= | 5@ @) — | + | 50.0@2) | + |[5040)@"0)

2
fwop a4 L [t e o2 (e e+ 20)] )

4
r
+4/\2.
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The first term is a free Klein-Gordon Lagrangian (Eq. 10.11) for the field 7,

which evidently carries a mass

my = \ﬁyh/c

; the second and third terms

are free Lagrangians for the fields ¢ and ¢, which are massless: ;

and the fourth term defines various couplings. Evidently in this theory there

are ’ 2 Goldstone bosons ‘

Problem 10.25

The last term in Eq. 10.129, —(1/167)F " F,y, is not altered by the transforma-
tion in Eq. 10.130. The previous two terms are the same as those in Eq. 10.115,
and we have already shown (Problem 10.22) that they become

72277\:(4+§4+22§2>7)\(3+ 52)+L
un 1 Ui n i +n Evh

It remains only to work out the first term:

1020 ‘P"} (o522 9
AMQ} [a”¢1+zaﬂ¢2 qAWp qA?sz}

= (@u1) (0" 1) + IBuprHHPT + LBty TAT Py — L (391) A

[a;ﬂl’l lay(l’z* Ayﬁbl

— (0,2} P + (292) (@ 92) + 5

4

iq

(Qu2) A1 + — ‘$2

2
_W'i_ (aH‘PZ) V¢1+( ) P11 A AV +W
L @90 Aug2 — @470 — i (L) grgaat + (L) paat

2q

= (9 u¢1)(9y¢1) (0 ;1472)(3”4’2)+*[ (0up1) 2 + (9up2) 1] A*

+ (L) (9} + drapar

= @ @) + @07 + 2 [~z + @) (1+1)] a7

4N (.2 BoE p
+ () <;7 +217A+A2+§>AVA
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Putting it all together,

¥ =

N| —

@) (@1) + @) (@E) + L [~(@n)E + (3,8)y] A"
+ th (9 A" +% (hi) (77 +2’7K + 7 +€2> ApAr — Py’

4
1
X+ 2+ 2028 A + 12 + 1 - P,

4 472 161
= [36m@n -]+ [a.060)
[ 3 (L) ]
+ L [@ue+ @) A+ (L) Eyaar
%( ) (7 +2) AﬂA”—AZZ(774+54+2’72§2)—Aﬂ(n3+77§2)
%hi(ay@fw+4}f2 v

Problem 10.26

\
é/ EN A
‘\/\/\\ é/ A

7 \ /7 \
/a a\ /n N\ ZE EN
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Neutrino Oscillations

Problem 11.1

To calculate the energy liberated in the creation of a sphere of radius R and
uniform density p, imagine building it up by layers. When it is at radius 7, a
mass dm falls in (from infinity), giving up potential energy

dE = G@ = % <p§7‘cr3) (pdrr® dr) = g(4np)2r4 dr,

so the total energy of the sphere is

GR® ,  GR® (3M\? 3GM?
E= T35 Wm) =75 <R3> ~5 R
3 (6.67 x 10711)(1.99 x 103?)? "
-2 =228 x 104'].
5 6.96 x 108 J=228x107]

The solar luminosity is 3.85 x 10%® W (all numbers from the Particle Physics
Booklet), so the lifetime is
2.28 x 104
3.85 x 1026

s =591 x10"%s =[1.87 x 107 yrs .

Problem 11.2

(a) Follow the derivation of Eq. 11.7, only this time assume the rest energy
dominates:

2 1 lpl2 2
E> =m?c* 1+ [p| = E ~ mc? 1+77|I;|2 :mc2+ﬂ
2 m?c

m2c2 2m

1

1 1 —
Ey — Ey = (my —my)c® + §|p]2 (mz - ml) = (my—my)c* =T (mz m1>

~ (my —my)c?

233
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11 Neutrino Oscillations

(where m is the average of the two masses, and T is the kinetic energy). From
Eq. 11.6, the period of the oscillations is

Lo 2 omh 21658 x 1072 MeVs 118 <10 9%
 Ep—E (ma—m)c2  349x10-12MeV = = ’

(b) The lifetime of Kg is much shorter: 8.94 x 10~ 11 s; the lifetime of K% is much
longer: 5.17 x 10~8 5. So a beam that starts out pure K’ (say) will become pure
K9 long before it has a chance to oscillate to K.

Problem 11.3

(a)

(b and ¢)

Problem 11.4

(a)

(R+h)? = R>+ x> —2Rxcos(m — @) = R*> 4 2Rh +h* = R*> 4+ x* + 2Rx cos ©;
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x? + (2R cos ©)x — (2Rh+H2) = 0 = | x = /RZcos ©F + 2R + 2 — Rcos © .

(We need the positive root, since x > 0.)

(b)

Problem 11.5
(a)
2

2
_ 2 m 0\2 mc? ] 2 12

Ultrarelativistic = E > mc?, so (keeping the first term in the binomial expan-

sion)
1 [ mc? z 1 [ mc? 2
vrell=5F ) |/ ) |

(b) The time it takes a neutrino to reach earth is f = L /v, so the difference in

arrival times is
2 2
1 1 L 1 [/ mc? 1 [/ mc?
=th-th=L[———)r=|1+=(—) —1-=(—
rTRTh < > C[+2(Ez> 2<E1>]

_Looanf1 1\ L o 5,(E—E)(E+E)
20 (") (Eg E%) =2 (") E2E3 '

2cT

2

mc- = E{1E
12¢M&—&K&+h)

_ 26(10) _
= (20) (30)\/(1.7 < 109)c(365 - 24 - 60 - 60)(10) (50) ¢V = [52ev].

[Statistical analysis lowers this number a bit.]

Problem 11.6

(a)
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11 Neutrino Oscillations

(b)

h h 6.58 x 10722
AEAt > = = At = = =14.09 x 107% s |.
=37 My 2% 804 x 107 X 5
d= (409 x10"%)(3 x 10%) =[1.23 x 10~ 8 m |.

In the time available, the neutrino travels nowhere near far enough for oscilla-
tions to occur. So this decay is still effectively forbidden.
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What’s Next

Problem 12.1

(a) Equation 10.132 gives the mass of the gauge particle under the Higgs mech-
anism:

v fic v

Thus

2
Vhco = ZMwc .V
Sw

(b) From Problem 10.21, the Yukawa coupling Lint = —ayPip¢ yields a naive
vertex factor iny. When the scalar field ¢ shifts, according to Eq. 10.130, ¢ =
n+u/A = 1+ v, the Yukawa coupling generates a mass term for the quark
or lepton field 1:

m02

—ayPyYv = —m*PY =  ay = .

plus a residual Yukawa coupling whose vertex factor is evidently .
[As I mentioned before Eq. 10.101, this procedure doesn’t get the constants

right; the correct vertex factor is —imc?/ (vv/hic).]
(c) The relevant terms in Eq. 10.136 are

. p g2
iLint =1 [A (ﬂ) s ALA, — /\;4173} .

The first term gives the htWW and hZZ couplings, with the vertex factor (see
remark before Eq. 10.101)

AT (4N | (M)
e (re) 8" =i o(ic)® &
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12 What's Next

(where M, stands for the mass of the W or the Z, as the case may be). [The
correct vertex factor is i(2M?c® /vv/hic)gH ]

The second term gives the hfh coupling, with vertex factor—iAy = —iu?/v.
But (comparing Egs. 10.11 and 10.136) the mass of the Higgs is given by y? =
1 (my,c/h)?, so the hhh vertex factor is

2
i () |

[Actually, —3im,%c3 /v.]

Problem 12.2

(a) The vertex factor (Problem 12.1) is imc? /v+\/fic, where m is the mass of the
quark or lepton, so

M=i {5(3) (imcz ) M(Z)} _ M 3)u()].

ovhe ov/he
0MP) = () s e m)
- (ﬁ%)z [Te(paps — (mePTe(1)] = 4 (:;%)2 [p2 - ps — (mo)?].

In the CM,

E E E\* E\?
p2= (c,p>, ps = (C, —p) PP = (c) — (me)?, pa-ps = (C) +p%,

X (IMP) = 4 (’j;)zz [(5)2 - (mcﬂ |

Conservation of energy says E = (m,c?/2), so

oy = () [ - 0] 2 () (-0,
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The decay rate is (Eq. 6.35 with |p| = \/(E/c)? — (mc)? = (c/2)/m} — 4m?):

Sy/mp, —4m? s 3\ 2 ) ) 1 m3\> / ,\3/2
I = 5 2 (mh—4m)— —_— (mh—4m>
87Thmhc vV hc vvhc

2
8rthm,
Or, using Eq. 12.1 to express v in terms of Myy:

1 me3gy >2 ( ) 2\ 3/2 m?c2g2 3/2
= ms — 4m ) =_—20_ (m2—4 2) .
8mthm?, <2Mw62 h 327thms M3, S

Finally, writing g = v/4may:

2 2
Ky 5 m 2m
I'=—> —_— 1—-(—
T (Mw> [ (W) ]

3/2

(b)

(
(
43\2[1— (8. 243/2
- <12) [%] = (12.8)(0.9953)%/2 = [13].

Leh) g (w)z I= <zmb/mh>2r/2

[(ttt™) My 1— (2my/my)?

43\2[1-(8.6/1202 71*"*
3 (175;) {1_((355/120))2} = 3(5.84)(0.9958)%/% = [17].

Problem 12.3

The vertex factor is (Problem 12.1):

M2

2i———gh,
oS
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where M is the mass of the W or the Z, as the case may be. The amplitude is

2.3 2.3
2M7c glﬂ/] €:(3) = _2M e
\/> vvhe

M = (2E2) [ e )] @),

Summing over the outgoing spins, using Eq. 9.158:

2 r v
20 2M2C3 . pzypzi/ T P3P3
(MP) = (295 |-+ ] | -8+ s

B <2M263>2 L _P2p2_paps (Pz-Pa)z}

M = i€} (2) { (2™ (3)] .

ovic ) |17 Mep T (Mo T Moy
2 - 2
- (22 o ] - (B e
In the CM frame

_(E _(E » (EN ) 1,
pZ_(C1p>/ pB_(C/_p>/ P _<C) (MC), E_Emhc

E\> E\?
paps = () +p2:z(c) ~ (Mo = (o} — 2M2)

N

—
N
—
§
\_/
—~
RS
N
‘3
w
\/
\_l
|
N

(Mc)* + ( — 4mEM? + 4M4)

_< (i — ami® +120%),

1
2
) — 4mEM? + 12M*)

(mpr = (=5

Put this into Eq. 6.35, with |p| = \/(mj,c/2)? — (Mc)? = (c/2)\/m2 — 4M?,

S(c/2)\/m? —4M? 3 \2
r— " ( ¢ > (i — ama? 4 120*)

8mthmac ovhc

35 2 4 2
s o) ()] - G
167th~v? my, my my,

Or, using Eq. 12.1 with gy = v47ay:

2 2 2 4 2
Qg C my, M M 2M
Ir= — 1—-4(— 12 — 11— —
ST (Mw> [ (mh> i (W)] (mh




241

The statistical factor Sis 1 forh — W+ +W~,and 1/2 for h — Z + Z (because
in this case there are two identical particles in the final state).

(b)
T(WW) [1_4(1\:1?)2“2 (Afgfﬂ 1= (%W)z

Lzz) - 14 () w10 ()] 1 ()

my,

With My = 80, Mz = 91, and m;, = 200,

T(Ww) _
r(2Z) =[28].

Problem 12.4

The Super-K tank holds 50,000 tons, or

1

9.8m/s’

(5 x 10* tons) (2000 Ibs /ton) ((4.45 N /1b)
.8m/s

= 4.5 x 107 kg.
Roughly half of the mass is neutrons, but let’s imagine it is entirely protons;
then the number of protons in the tank is

4.5 x 10" kg

A9 X T K8 _ 57 % 10% protons.
1.67 x 10~ kg x 107 protons

Suppose the experiment is to run for one year, and in that time we hope to see
5 proton decays. The decay rate is 1/7, so

7 34
5— %(2.7>< 1034 (1yr) = 7 = %yr =[5 % 10% yr|.

The current limit is 10 years, so we are very close to the practical limit on
such experiments.

Problem 12.5

T~ 1 g%} (mﬂcz)g)

12(87)3 h (Mpwc?)*

1 gh (mec®® (my—mp\®
47324 b (Mypyc?)* e '

e Decay of the muon (Eq. 9.34):

e Decay of the neutron (Eq. 9.60): T ~
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1 Q (Amc?)?
30724 h (Mpyc2)4

e Semileptonic decays (Ex. 9.3): T

The pion decay formula (Eq. 9.76) is not so helpful here, since we don’t know
fr, but apart from numerical factors (including g,,), the generic formula seems
to be

(Mc?)*

T Nhi(mc2)5

~

where m is the mass of the decaying particle and M is the mass of the mediator
responsible. For proton decay, mc? ~ 1 GeV, Mc? ~ 10'® GeV, so

(1016)4

~10-24
T 0 (1)

=10%s,

or, since there are (365)(24)(60)(60) = 3 x 107 seconds in a year,| T ~ 10%2 yr |.

Obviously, tweaking the numerical factors could change this by several orders
of magnitude, but essential point remains: this is an extremely long lifetime.

Problem 12.6

| M P = ANV = |ty + M — | A+ M)
= [ M + | M + MM A+ MMy — | NN~ || — A M — M A
= |///1|ei¢1ei91 ‘///2|e*i¢2e*i92 + |//1‘€7i¢167i91|///2|ei¢zei62
_|///1|ei¢1€*i91 ‘///2|efi¢2ei92 _ ‘///1|e*i¢1ei91 |///2|ei¢2e*i92
= ||| 413 {ei(‘?l*@z) [ei(fPl*(Pz) — e*i(¢1*¢z)} 4+ o i(01=62) [e*i(%ﬂbz) _ ei(¢1*¢2)}}

2.4 || 45| sin (@ — ) [e®r02) — =(E1=02)|
= —4|4 || M| sin(p1 — ¢2) sin(6 — 62). ged




Problem 12.7
y
X
()
dy = acosq, ay = asin¢g

@y, = acos(f + ¢) = a[cos 6 cosp — sinBsinp] = cosba, —sinfa,, Vv

ay = asin(f +¢) = a[sinfcos¢ + cosfsin¢] = sinfay +cosfay, v
(b)

a'-b' = aib, +ayb; = (cosfay —sinfay)(cosf by —sinfby)
+ (cosOay, +sin6ay)(cos 0 by + sin6 by)
= ayby(cos? 6 +sin? §) + axby(— cossinf + sin 6 cos 0)
+ ayby(— cos 0sind + sin 0 cos 0) + ayby (cos® 6 + sin’ 0)
= axby +ayb,. v

(c)

sin(df) ~ df, cos(df) ~1, |a, =ax— (d0)ay, a;=ay+ (d6)ay|.

G)
a by + ayby = [ax — (d0)ay] [by — (d0)by]| + [ay + (d0)ax] [by + (d6)by]
= azby [1+ (d0)2] +azby [~d0 -+ do] + aybx [d0 — do)
+ ayby 1+ (d0)2] = (axby +ayby) [1+ (40)?] = (asbs +ayby) v

(to first order in d6).
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12 What's Next

Problem 12.8
(a)
5" = (0¢)* = (2¢"7°p)" = 297 (7°)Te = 29" e = 29pe
(recall that 'yo+ = 7Y). Similarly
59 = 8(y™°) = (69)"° = (i/hc) (v"'edup)Ty°
= (i/he)e" " 90" = (i/hc) (e9°)7 "7 99" = (i/he)er” g™

(recall that 799% = 1 and 'yo'y”tyo = yHt—see Problem 7.15).

(b)

0h = % [0%(397) () + (979" )0y (0¢)] = 0" (Pe) () + ("9") Iy (EYp)
= (0"9)(9up)e + €("P") ().

(c)

0.2 = ihc [(09)7" (9uyp) + 7" 0u(09)] = —(&7"9u¢" )7 0y + P10 (7" €0v9)
= —€(0up" )y " (9u) + P " (Opdu)e.

Now, y#7"9,,0, can be written more symmetrically as (1/2)(y*7" +y"7")9,0, =
§"9,0, = 92, the d’Alembertian. So

625 = —€(@" )1 " () + 9y [P (" p)e] — () (dup)e.
The third term on the right is —0.%; + &(0#¢*) (9, ), so
0Ly = =0 + 9u[Pp("P)e] + & {(9"9") (9up) — (v )71 (%) } -
The term in curly brackets can be written as
(0v9”) (8" = "] (9up) = —ic™(3u9™) ()

(I used the anticommutation relation for the Dirac matrices, Eq. 7.15, and the
definition of ¢#¥, Eq. 7.69). But

ou {0 [¢7 (9up) — (9™ )] }
= " [(049") (Ovtp) + ¢* (3,00 p) — (0DvP™ ) — (3™ ()]
= 20" (3,9") (Byutp)

(since ¢V is antisymmetric, the contraction with 8;481, is zero, and o'ty =
—o"ty, for any tensor t,). Putting this together, we have

025

—0A + 0[P (9" p)e] + %éay {o" (9" (0vyp) — (0v0")y]}
—0.%1 +0,Q".
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(d)
52 = 3 (090 + 9" 09)] = — (") (eg + ¢'ep).

624 = —m [(6F)9+ §(op)] = —i (5°) [e9" (00" )9 — 7 (39)e]
(e) Using Eq. 10.15 (and its adjoint) to replace the derivatives of ¢ (and ¢),

mc

R = i (") [—e" (040"} — £ (0ut) + (OuD)1"ep + Pr7e(2y)]

2
i(5°) (67" (0u9" )9+ §7e(3,9)] — (5-) " (69" + deg]
5L+ 64

Problem 12.9
(a)
¢ =3.00x108m/s; i = 1.055 x 10> kgm?/s; G = 6.67 x 10~ 1'm>/(kgs?).

The dimensions of c’A1G" are

(9)17 kg m? )\’ m® \' —_ mp+2q+3rsfpfq72rkgq7r
s 5 kgs? ’

so for Ip we want
g=t, —p—q—2r=0=>p=-3r, p+2q+3r=1=4g9=1/2.

Evidently

Ip=c¥2GY2 =| /1 =16 x 107 m |.

For tp we want
g=1 p+2q+3r=0=>p=-5r, —p—q-2r=1=r=1/2.

Evidently

tp=c /26T =| | /MG = 538 x 10 #s|.

For mp we want
g—r=1=g=r+1 p+2q+3r=0=p=-5r—-2;

—p—q—-2r=0=2r+1=0=r=-1/2.
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Evidently
mp = /2262 =] /& =218 x 10 8kg|.
1.96 x 10°
Ep=mpc? =196 x 10° ] = ——————-eV =|1.23 x 10 .
p = mpc =196 x 10° ] = =2 eV = [1.23 x 10 GeV |

(b) Coulomb (F = g192/1%) — Newton (F = Gmymy/1*) = ¢* — Gm?, so

(6.67x10~11)(9.11x10-31)2 .
ag = Ghmz _ \/ (1.055x10-34)(3.00x108) 4.18 x 10 (i)
Cc
Vied= (if)

Problem 12.10

2
GA;Im =m =|o= /M
r 7
Problem 12.11
Escape velocity:
5 MY GR —0:>U—R3an—3GRp—HR.

So

_ 3H?

P~ 8nG

The Particle Physics Booklet gives H = 7.5 x 10~ 1 /yr =24 x 10718 /s, so

_3(24x10718)2
P = 8n(6.67 x 10-10)

=|1.0 x 10720 kg/m° |.

(For comparison, the density of water is 1000 kg/m3.)




A
The Dirac Delta Function

Problem A.1

(@
2(12) +7(1) + 3 =12].

(b)

(7 is outside the domain of integration.)

Problem A.2

gx)=vVx2+1—x-1;, ¢(x)=
Zeroofg: Vx2+1l=x+1=x+1=x*+2x+1=x=0;
S(Vx24+1—x—1)=46(x)|.

2x —1 =

1
2(/x2+1 x2+1

Problem A.3

g(x) = sinx = ¢'(x) = cosx

g(X) =0=sinx=0=—=x=nm (Tl:O,:lil,:l:z,...)

¢ (nm) = cosnm = (—1)" = |¢/(nm)| = 1.

d(sinx) = i S(x —nm)|.

n=-—oo
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A The Dirac Delta Function

Problem A.4

gy =2t —2x+y=0=>xs=1+1—v.

gx)=2x-2 gxy)=2xs -1 =+1-y; |¢(xs)] =21~y

1
0(¢(x)) = ———
50 = 5=
0<x+ <2&0<1£/1-y<2,0r—-1<=£,/1-y <1 Butifaisinthe
range —1 < a < 1, so too is —a, so x+ are both in the domain of the integral
provided /1 —y < 1, which is to say 0 < y < 1. Conclusion:

1/,/ -y, O<y<1

0, otherwise

A

[ e e e - [ e

Here the first term in the right-hand side is zero because d(x — 3) has slope
zero at x = 5 and at x = —1. The remaining integral is

[0(x — x4) +6(x — x)]

Problem A.5

5

-1

5
—4x3 6(x - 3) %, +/ 12225(x — 3)dx = 12(3)2 = [ 108],
-1

The first term is zero, because §(x — 3) is zero at x = 5and at x = —1.
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Problem A.6

6(2x —4) =0,ifx < 2,and 1,if x > 2, s0

5 5 1 5 1
_ —3x — —3x — _ 2,3 _ = (,"15_ -6
/_19(2x 4)e "  dx /2 e dx 3¢, 3 (e e )

— (000082615 .

Problem A.7

b-(a—b)=(321)-(-2,0,2) =—6+0+2=|-4],

provided the point b lies within the domain of integration. Distance from
center (2,2,2) tob is

d=1(3,2,1)—(2,22)=1(1,0,-1)]| = VI2+ 02+ 12 = /2 = 1414 < 15,

so b is within the sphere.




